MANIFOLD PHENOMENA IN THE THEORY
OF POLYHEDRA

BY
ETHAN AKIN

Introduction. When can an isotopy be covered by an ambient isotopy ? Let us
restrict attention to the compact p.l. category.

Hudson and Zeeman have shown that a locally unknotted isotopy of a manifold
in a manifold can be covered by an ambient isotopy of the big manifold. By
Zeeman’s codimension = 3 unknotting theorem, an isotopy of manifolds is locally
unknotted if the codimension is greater than or equal to 3. Hence, any isotopy of a
manifold in a manifold of dimension at least 3 higher can be covered. Lickorish
has generalized Zeeman’s unknotting theorem to the case of a proper embedding
of a cone in a ball of dimension at least three higher. From this, Hudson has shown
any isotopy of a polyhedron in a manifold can be covered if the polyhedron has
codimension at least 3.

As a modest aim we would like a criterion of local unknottedness of a polyhedron
in a manifold so that the original Hudson-Zeeman theorem would generalize.

What we actually obtain is more general. We present a characterization of those
isotopies of a polyhedron in a polyhedron which can be covered by ambient
isotopies. Perhaps surprisingly, this question admits a rather elegant general
solution.

Intrinsic Dimension. Our major tool is the theory of intrinsic dimension developed
by Armstrong. Given a polyhedral pair (X, X,) and a point x € X, we define the
intrinsic dimension of x in (X, X,), denoted d(x; X, X,), to be

max {¢ : link pair of x in (X, X,) is a t-fold suspension},
or equivalently,
max {¢ : there is a triangulation of (X, X,) with x in the interior of a f-simplex}.
Let
I'(X, Xo) = {xe X, : d(x; X, Xo) £ i},

called the intrinsic i-skeleton of (X, X,). For the absolute notion we associate the
polyhedron X with the pair (X, X), i.e. d(x; X)=d(x; X, X) and I'(X)=I'(X, X).

The first fact about intrinsic dimension is that I'(X, X;) is a subcomplex of any
triangulation of (X, X,).
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The second fundamental fact is that I'(X, X,)—I'"*(X, X,) is an i-manifold.
In fact, the homogeneity of I'(X, X,)—I'~1(X, X,) is an ambient fact, that is, two
points of X, lie in the same component of I'(X, X,)—1'"}(X, X,) for some i, iff
there is an ambient isotopy of (X, X,) taking one point to the other.

The most useful form of these homogeneity facts is in the simplicial aspect. Let
(K, K,) be a complex pair with B=AC e K, and assume that A4, Be I'(K, K;)
—I'"Y(K, K,). Then there is an autohomeomorphism of (K, K,) supported by
St° (4; K) and taking B to xAC where x € Int B, i.e. we can ambient isotope the
“nice face” A of B into the interior of B.

Using intrinsic dimension there is a definition of local unknottedness which
reduces to the usual one in the case of manifold pairs. Call a polyhedral pair
(X, X,) locally unknotted at x € X, if d(x; X, Xy)=d(x; Xo). Thus, if (X, X,) is a
manifold pair and dim X,=n, then the set of points of X, at which the pair is
locally knotted is precisely=7""1(X, X,). It is easily checked that since S° un-
knots in any sphere this actually=1""2(X, X,). Thus, the intrinsic skeleta of the
pair decompose X, into submanifolds according to the number of times the link
sphere pair desuspends as a pair.

Regular neighborhoods and collapsing. The application of intrinsic dimension
from which the other applications flow is to the theory of regular neighborhoods in
polyhedra, as developed by Cohen.

First, we define relative collapsing. We say that X collapses to X"’ relative to X,
denoted (X|X,) X', if there is a collapse of X to X', i.e. a sequence X=X", ...,
X°=X' with B'=Cl(Xi**— X') a p.l. ball with B'n X'=F" a face, for all i,
which satisfies the additional condition B* N X, <Cl (0B'— F?).

The definition is chosen so that a relative collapse will preserve the homeo-
morphism type of the relative regular neighborhood, i.e. we want a regular neigh-
borhood of X mod X, to be a regular neighborhood of X’ mod X, in an ambient
manifold, and without the additional condition things can go wrong.

Thus, if we let X be a simplex [abc] and X,=[bx] where x € Int [ac] then in a
manifold, a regular neighborhood of X mod X, is two balls joined along the
simplex [bx]. We can collapse X to X'=[abx] U [xc] (not relative to X,;) and a
regular neighborhood of X’ mod X is two balls joined along a point.

That relative collapsing does preserve homeomorphism type (and more) of
regular neighborhoods in manifolds follows from the more general results in
polyhedra.

Now assume that X< Q,< Q. We call a collapse (X|X,) x X’ homogenous in
(0, Qo) if d(x; Q, Qo) is constant for x varying in each X**!— X' and weakly
homogenous if it is constant for x varying in each X***—(X* U X,). Note that it
does not follow that d(x; Q, Q,) is constant as x varies all over X— X". If there
exists such a homogenous (resp. weakly homogenous) collapse, we will write
(X|Xo) sy X' in (Q, Qo) (resp. (X|Xo) wx X' in (Q, Qo))

The phrase homogenous collapse was introduced by Stallings in the absolute



1969] THE THEORY OF POLYHEDRA 415

case (X,=9 and Q=Q,), and in that case his definition is equivalent to ours
though he does not use the notion of intrinsic dimension.

We note that if (X|X,) ~ X’ (or ,\) in Qo and (Q, Qo) is locally unknotted,
then (X |Xo) »x X” (resp. »\) in (@, Qo)-

THEOREM. Let X< X< Qo< Q be polyhedra with (X|Xo) p»x X' in (Q, Qo). If
(V, Vo) is a regular neighborhood of X mod X, in (Q, Q) then (V, V,) is a regular
neighborhood of X' mod X' N X, in (Q, Qo).

THEOREM. Let Xo< X< Qo< Q be polyhedra with (X|X,) » X' in (Q, Qo). If
(V, Vo) and (U, U,) are regular neighborhoods of X mod X, and X' mod X, respec-
tively, in (Q, Q,) then there is a homeomorphism f. (V, Vo) — (U, U,) which preserves
the boundaries and is the identity on X'.

The idea of the proof is quite simple. We triangulate and use induction to reduce
the problem to one simplicial collapse, i.e. X=X'+ B where B=bA4 and BN X'
=bA. The condition that the collapse is relative says that B N X, < A. There are
two cases, i.e. BN Xy;=A4 or BN X,<0A. Then in the second theorem A4 is a
“nice face” of B if BN X,<0A and in the first theorem A is a “nice face” of B
regardless.

Using the simplicial method of * parametrization”, taken from Cohen, we con-
struct directly regular neighborhoods of both X’ mod X, and X’ U xb4 mod X,
in the second case and both X’ mod X, and X’ U xb4A mo¢ X, U x4 in the first
case.

Then using the fact that A4 is a ““nice face” of B we find an ambient homeomor-
phism of (Q, Q,) which is the identity on X’ and maps X’ U xb4 to X’ U B=X.
This will push the regular neighborhoods out to obtain regular neighborhoods of
both X’ mod X, and X mod X, in each case.

The remaining possibility is that we are in the first case of the second theorem
and Aisnot a “nice face’” of B. In this case the homeomorphism fis just constructed
directly using the method of parametrization.

From the above theorems we can then derive several characterizations of a
regular neighborhood of X mod X, in Q using collapsing.

Cone unknotting. Given an embeddingf: aX — bY with f ~*(Y)= X (i.e. a proper
embedding), call f unknotted if there exists a homeomorphism ¢: bY — bY rel Y,
such that ¢fis the cone on f| X: X — Y. This definition, due to Lickorish, is much
stronger than merely assuming that (b Y, f(aX))~c(Y, f(X)) rel Y. In fact, in most
applications, f'is a self-homeomorphism of a subcone of b Y, which we are attempt-
ing to cover by a self-homeomorphism of Y. Such a covering homeomorphism
will exist iff, regarded as an embedding, the little homeomorphism is unknotted.

The confusion between the two kinds of unknotting arises because for ball pairs
they are equivalent. This is because an unknotted ball pair is of the form (A *x A A)
and if f:A—A is a self-homeomorphism then A * f is a covering self-homeo-
morphism of A * A.
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THEOREM. Let f: aX — bY be a proper embedding. Then f is unknotted iff

1. For every xe X, d(f(tx+(1—1)a); bY, f(aX)) is constant for 0<t<1 (cone-
wise homogeneity), and

2. (bY|Y) p faX)inbY.

The second condition is just to insure that &Y is homeomorphic to a regular
neighborhood of f(aX) mod f(X) in bY. Then the result follows from:

THEOREM. Let f: aX — Q be an embedding, which is conewise homogenous. Then
if V is a regular neighborhood of f(aX) mod f(X) in Q, then there exists a homeo-
morphism ¢: V — bV (where V=Bdry V U f(X)) such |V is the identity and ¢f is
the cone on f|X: X — V.

To get an idea of the proof note that the cone structure gives an obvious *“‘cone-
wise”” collapse (f(aX)|f(X))\ f(a). Conewise homogeneity says precisely that
this collapse is weakly homogenous in (Q, f(aX)). It follows that (¥, f(aX)) is
homeomorphic to a regular neighborhood of f(a) in (Q, f(aX)). Thus, the weak
“set-unknottedness’’ condition follows from the theorems of the regular neighbor-
hood section.

The sharper “map-unknottedness’’ condition of the theorem is proved by going
back to the appropriate regular neighborhood theorem and repeating the proof,
taking care to preserve the additional structure on the polyhedron f(a X) introduced
by the cone structure of a X.

Note that the d(f(tx+(1—1t)a); f(aX)) is constant for O0<t<1. Thus, if
(0, f(aX)), is locally unknotted, conewise homogeneity always holds. Thus, for the
first time, the oft-returning “red herring”’ effect of local unknottedness appears:

In general, the purpose of assuming local unknottedness of a pair (X, Xj) is to
transform conditions on the intrinsic dimension in (X, X;) to conditions on the
intrinsic dimension in X,, which are usually trivial.

On the other hand, if (bY, f(aX))=b*(Y, f(X))rel Y, then the collapsing
condition (bY|Y) ,\ f(aX) in bY holds.

Thus, if a(Y, X) is a locally unknotted cone pair then any self-homeomorphism
of aX rel X can be covered by a self-homeomorphism of aY rel Y.

Codimension 2 3. Using sunny collapsing at a crucial stage, we can strengthen
the cone unknotting theorem when codimenion is = 3.

THEOREM. Let f:aX — bY be a proper embedding with dim f~*I'(Y)<i—3 for
all i. If fla)=b, and f~*(bI'(Y))=af ~*1'(Y) then f is unknotted.

From this theorem we obtain Lickorish’s theorem and also a criterion for local
unknottedness in codimension = 3.

Covering isotopies. From the cone unknotting theorems we can get our covering
isotopy theorems using the Hudson-Zeeman methods.

We define an isotopy F: X xI— Y x I to be locally collared if for every sub-
interval J of I, (Y xJ, F(XxJ))=(YxJ, F(XxJ)) is locally collared. Rourke has



1969] THE THEORY OF POLYHEDRA 417

proven that an isotopy is locally collared iff there is an ambient isotopy of Y
covering the track of F, i.e. there exists G: Y x I — Y x Isuch that G,Fo(X)= F(X).

THEOREM. Let F: X xI— Y x I be an isotopy. F can be covered by an ambient
isotopy of Y iff

1. Fis locally collared, and

2. for each x € X, d(F(x, t); Yx I, F(X x 1)) is constant for 0<t<1.

Call an isotopy F: X x I— Y x ['locally unknotted if it is locally collared and
(Y x I, F(X x D)) is locally unknotted. Since d(F(x, t); F(XxI))isconstant0<t <1,
we have another “red herring’’ phenomenon:

.
COROLLARY. Any locally unknotted isotopy can be covered by an ambient isotopy.

Now if (X, X,) is a polyhedral pair and F: X, x I — X, x I is an ambient isotopy
of X,, then regarded as an isotopy in X it is clearly locally collared and hence we
have

COROLLARY. If F: XoxI— Xyx I is an ambient isotopy then F can be covered
by an ambient isotopy of X iff F~*(I'(X, Xo)x I)=I'(X, X,o)x L.

From this we get a relative covering isotopy theorem.

THEOREM. Let (X, X,) be a polyhedral pair and Y < X. Assume F: Xox [ — Xox 1
is an ambient isotopy of X, rel Xo N Y. If F can be covered by an ambient isotopy
of X, then it can be covered by an ambient isotopy of X rel Y.

For we can extend the obvious ambient isotopy of X, U Y.
For local unknottedness we get the following:

COROLLARY. Let (X, X,) be a locally unknotted pair, then any ambient isotopy of
X, can be covered by an ambient isotopy of X.

Finally, from the codimension =3 cone unknotting theorem, we obtain a
corresponding isotopy theorem:

THEOREM. Let F: X xI— Y x I be an isotopy with dim FgI'(Y)<i—3. Then F
can be covered by an ambient isotopy of Y iff FXI(Y)x1)=Fg*I(Y))x 1.

As a corollary of this we have Hudson’s result that any isotopy of a polyhedron
of codimension =3 in a manifold can be covered by an ambient isotopy.

Extending triangulations. Armstrong’s theorem that any triangulation of a
locally unknotted submanifold extends to a triangulation of the manifold generalizes
to the following:

THEOREM. Let (X, X,) be a polyhedral pair and (K,; h) a triangulation of X,.
Then (K,; h) extends to a triangulation of X iff h=*I'(X, X,) is a subcomplex of K,
for all i.
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Since I'(X,)=1'(X, X,) iff the pair is locally unknotted, we have another “red
herring”’ effect.

COROLLARY. Let (X, X,) be a locally unknotted polyhedral pair. Then any
triangulation of X, extends to a triangulation of X.

General position. We call a homotopy F: X x I — Y homogenous if for every
x€ X d(F(x, t); Y) is constant for 1 € I

Using the isotopy theorems we can prove results on homogenous homotopy of
maps:

THEOREM. Let f: X — Y be a map such that f'| X, is nondegenerate (where X, < X)
and dim f~1I'(Y)=<i. Then there exists a homotopy of f, homogenous and rel X,,
to a nondegenerate map.

THEOREM. Let f: X — Y be a nondegenerate map, then f can be homogeneously
homotoped to a map g: X — Y such that dim S(f)—f~I'"}(Y)<2 dim X—i.

We also mention some conjectures which relate these results to those of Stallings
about ND(n)-spaces.
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I. Notation and background information. We will follow the standard treatments
of p.l. topology: Zeeman [Z], Hudson [H] and Stallings [S]. These do not com-
pletely overlap so we will refer mostly to [H] and occasionally to [S].

Our polyhedra, polyhedral pairs, polyhedra with (finite) families of subpolyhedra,
denoted X, (X, X,), (X, {X;}) will be assumed to have a given family of compatible
locally finite triangulations, denoted (K; k), (K, Kq; h), (K, {K3}, h), (K, {K}; h) for
complexes, complex pairs and complexes with a family of subcomplexes. All maps
are assumed to be p.l.

For 4 € K, we will denote by Lk (4; K), St (4; K) and St° (4; K) the link, star
and open star of 4 in K. Note that these are finite, by local finiteness of K. For
pairs, we will define Lk (4; K, K,), for example, to equal (Lk (4; K), Lk (4; K,))
for A € K,.

Following Armstrong [A,], for x € X, we will denote by Lk (x; X) any Lk
(h~*(x); K) where (K; h) is a triangulation of X and A~1(x) is a vertex of K.
Similarly, for x € X, define Lk (x; X, X,) using any triangulation of the pair.
These are well defined up to homeomorphism, or homeomorphism of pairs,
respectively. Similarly, define St (x; X) and St (x; X, Xo).
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We recall that joining gives a well-defined functor of pairs of compact polyhedra
to compact polyhedra. Denoted X x Y. Points of X % Y are denoted tx+(1—1)y
with xe X, ye Y and tel. If f: X— X, and g: Y— Y, then f*g: X x Y —
X, * Y, maps by f* g(tx+(1—1)y)=1tf(x)+(1 —t)g(p). If X is one point, ¢, then
¢ * Yor cYis called the cone on Y and if X is two points, i.e. a O-sphere S°, then
S YorXYis called the suspension of Y. The iterated suspension EX"Y=3X"+1Y
=S"x Y. We will often use the calculation of the link of a point of the join:

Lk (tx+(1=t)y; X+« Y) = X+ Lk (y; Y), t=0
=2 Lk(x; X)* Lk (y; Y), 0<t<l
=Lk(x; X)* Y, t=1.

This has an obvious generalization to X = (Y, Y;).

Note that any join factor and hence any cone or suspension factor is assumed to
be compact.

The product of arbitrary polyhedra, denoted X x Y, is defined and the identity
for the link is

St((x,y); XxY)=St(x; X)xSt(y; Y).
This implies that
Lk ((x,y); Xx Y) = Lk (x; X)* Lk (y; Y)

by the Alexander trick which we now describe. Given finite complexes K and L,
we can triangulate ¢cK x c¢L so that St ((c, ¢); cKx cL)=cK x cL and

Lk ((¢, ¢); cKxcL) = cKxL U KxcL

(where the union is along Kx L). Furthermore, cKxL U KxcL>~K % L (see [S;
§4.3)).
Of particular interest is the case where L is one point so cLx~ 1. This gives:

cKxI = (c,1)*((cKx0) U (KxI))

with ¢Kx 1 included as the subcomplex (¢, 1) * (K x 1). This construction is also
natural on subcomplexes of K.

The Alexander trick proves that a homeomorphism of a cone rel its base is
isotopic to the identity rel its base. We define the isotopy (after triangulating) to
be the map of cK'x [ to itself obtained by coning the given homeomorphism on
¢K x 0 and the identity of Kx I.

As an indispensible tool we will require the general theory of relative regular
neighborhoods as developed by Cohen in [C]. Following him, we define (V, V,) to
be a regular neighborhood of X mod X, in (Y, Y,), if there is a triangulation
(J, Jo; h) of (Y, Yo) such that K=h~*(X), K,=h"1(X,)and J, are full subcomplexes
of J, and

(V, Vo) = hN(K—Ko; 7J, 7Jo)



420 ETHAN AKIN [September

where 7 is a derived subdivision of J. Define the boundary of the regular neighbor-
hood (V, V,) by
(V, Vo) = hN(K— Ko; nJ, nJo).

By [C; Lemma 2.13], V=Bdryy VU (X,)r where (Xo)z=X,N (X)z and
(X)R=C1Y (X" Xo)- .

We will use much of the notation of [C], such as D(4; K) for dual cell, D(4; K)
for boundary of the dual cell, and so on. We will also depend heavily on the results
of [C] particularly the parametrization lemma [C; Lemma 2.14], the uniqueness
theorem [C; Theorems 3.1-3.4] and the stellar neighborhood theorem [C; Theorem
6.1].

We will require the theory of collapsing and mention, in particular, the principle
of excision.

Let X, X, and Y be polyhedra with YN X< X, Then X\ X, iff XU Y
N X,V Y.

Finally, a little convention, for convenience in some formulae. We distinguish
between @, the empty complex, and {0} the complex consisting of the empty
simplex 0. Define @ * X=@ and {0} « X=X, if X# 2. @ x X= @ and {0} x X={0},
if X#£. Also if A¢ K, then define Lk (4; K)= 2. We will always explicitly
mention this convention whenever it is around.

IL. Intrinsic dimension. We give three equivalent definitions of intrinsic
dimension:

DEFINITION 1. Let (X, X,) be a polyhedral pair and x € X,. Then we define the
intrinsic dimension of x in (X, X,), denoted d(x; X, X,) to be

a. the greatest ¢, such that Lk (x; X, X,) is a t-fold suspension,

b. the greatest 7, such that there exists an embedding f: Al x ¢(Y, Y,) = (X, Xo)
such that f~1(X,)=A!x cY, and f(A*x cY) is a neighborhood of x=f(d, c¢) (for d
some element of Int AY),

c. the greatest 7, such that there exists a triangulation (K, K,; h) of (X, X,) with
h~1(x) in the interior of a t-simplex of K.

Proof of the equivalence.

a—b. Lk (x; X, Xo)=Z(Y, Y,) — St (x; X, Xo)x At % (Y, Y,) with x corre-
sponding to an interior point of A’. But a regular neighborhood of Ain A * (Y, Yy)
is homeomorphic to A x ¢(Y, Y).

b—a. Z(Y, Yo)x Lk ((d, ¢); At x (Y, Y,))x Lk (x; X, X,) since f(d, ¢)=x.

c—a. If (K, K,; h) is a triangulation of (X, X,) with A~!(x) € Int 4, with
A€ K, and dim A=t, then Lk (x; X, X;)~ A4 « Lk (4; K, K;)~ X Lk (4; K, Ky).

a—c. Let (K, Kj; h) be a triangulation of (X, X,) with A7(x) a vertex of K.
As in the proof a — b we cone to get a homeomorphism ¢,

q:St(h~(x); K, Ky) >~ At % (Y, Y,)
with g(h~*(x))=d, an interior point of A’ Let d, € Int A? such that g~*(d,) lies in
the interior of a simplex of K, of dimension at least 7.
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Let g: At~ Af rel 0A! with g(d,)=d,. Join with the identity on Y and conjugate
with ¢ to obtain
k: St (h™}(x); K, Ko) = St (h™(x); K, Ko)

satisfying k|Lk (h~!(x); K)=identity and k(h~!(x))=g~(d,). Extend k by the
identity to the rest of K. Let (K, K,; hk ™) triangulate (X, Xo). (hk~1) " 1(x)=¢q '(d,)
and so lies in the interior of a simplex of K, of dimension at least .

Note. The proof that a — b gave a homeomorphism

q. A‘*(Y, Yo)'—)st (x; X, Xo)

taking oA x (Y, Y,) to Lk (x; X, X,) and hence g(A* * Y—0A" % Y) was open in X.
Also, the resultant embedding f: A*x c(Y, Y,) — (X, X,) satisfied the condition
that f((Int AY) x (cY— Y)) is open in X.

d(x; X, X,) is sometimes called the ambient intrinsic dimension to distinguish it
from the absolute intrinsic dimension in a polyhedron, rather than a polyhedral
pair. We obtain the absolute definitions by identifying a polyhedron X, with the
pair (X, X). Thus conditions on link pairs, triangulation of pairs etc. become
conditions on links and triangulations of polyhedra.

DEFINITION 2. For x € X, we define the intrinsic dimension of x in X, denoted
d(x; X), by setting d(x; X)=d(x; X, X).

REMARKS. The definitions are obviously p.l. invariants, i.e. if f: (X, X,) —>
(Y, Y,) is a homeomorphism, then d(x; X, Xo)=d(f(x); Y, Yy).

An easy comparison of definitions shows that

d(x; X, Xo) £ min(d(x; X), d(x; Xo)).
DErINITION 3. For a polyhedral pair (X, X;) or a polyhedron X, we define the
intrinsic i-skeleton of (X, X,) (resp. X), denoted I'(X, X,) (resp. I'(X)) by:
I'(X, X,) = {x€ X, : d(x; X, Xo) < i}
I'(X) =I(X, X) = {xe X :d(x; X) Li}.
The name intrinsic i-skeleton is suggested by Zeeman’s alternate definition of the

intrinsic i-skeleton as the intersection of all possible i-skeleta. More precisely,
part c. of Definition 1 implies

I'(X, X,) = N {A(KY) : (K, Ko; h) a triangulation of (X, X,)}.

That is, the intersection is taken over all triangulations of the polyhedral pair
(X, X,). This implies that I'(X, X,) is a closed subset of X,.

THEOREM 4. Let (K, Kg; h) be a triangulation of a polyhedral pair (X, X,), then
for all i, h=Y(I'(X, X)) is a subcomplex of K.

Proof. If A~ %(x,), h~(x,) € Int A for A4 is a simplex of K,, then Lk (x;; X, X,)
~0A x Lk (4; K, K,), i=0, 1 and hence d(xo; X, Xo)=d(x;; X, X,). So intrinsic
dimension is constant on the interior of any simplex of K.
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Hence, h=*(I'(X, X,)) is a union of open simplices of K, and as it is closed, it is
a subcomplex.
Now we examine the intrinsic skeleta locally.

LEMMA 5. Let f: A x (Y, Y,) = (X, Xo) be an embedding with f~(X,)=A! x Y,
and f(A'x Y—0A' x Y) open in X, then for dy, d; € Int A, 0< 1,1, <1 and y € Y,,
we have

a. d(f(do); X, Xo)=d(f(d1); X, Xo)2i.

b. d(f(tedo+(1—10)y); X, Xo)=d(f(trdi +(1-11)y); X, Xo)>i.

Proof. a. Lk (f(d,); X, Xo)= Lk (d,; Af x (Y, Yo))~0A! * (Y, Y,), p=0, 1.

b. Lk (f(tpdp"'(l_tp)y); X, Xo) = Lk (tpdp+(1 _tp)y; Al % (Y) YO))
~XoAtxLk(y; Y, Yo),p =0, 1.

THEOREM 6. I'(X, Xo)—1I'~Y(X, X,) is an i-manifold.

Proof. If d(x; X, X,)=i, then there exists an embedding f: A!x (Y, Y,) >
(X, Xo) such that f~Y(Xy)=A'xY,, f(A'* Y—0A'xY) is open in X and
f~Y(x) € Int A, Lemma 5 implies that

f(A % Yo—0A! x Y,) N IY(X, X,) = f(Int AY)
and
fnt AYNI*-Y(X, X,) = @.

Hence, f(Int AY) is a neighborhood of x in I'(X, Xo)—I'~*(X, X,).

We now demonstrate the relationship between homogeneity of the open intrinsic
i-skeleton as an i-manifold and as a subset of X,.

DEFINITION 7. For a pair of points x, y in X, < X, the following are equivalent.

a. d(x; X, X,)=d(y; X, Xo)=i and x and y lie in the same component of
IN(X, Xo)—I'"Y(X, Xo).

b. There exists an ambient isotopy H: (X, X,)xI— (X, Xo)xI such that
H,=id, and H(x, 1)=(y, 1).

If these conditions hold we will write x~y in (X, X,).

Proof of the equivalence. b —a. Let d(x; X, X,)=i, then ¢ ~ H(x, t) is a path
in I'(X, Xo)—I'~*(X, X,) joining x to y.

a—b. For x e I'(X, Xo)—I'"Y(X, Xp), let f: At x (Y, Y,) = (X, X,) be an em-
bedding with f~1(X,)=A! x Yo, f(Al * Y—0A! x Y) open in X and f~*(x) € Int Al

If delnt AY, let k: A — A' be a homeomorphism rel 9A! with k(f~(x))=d.
k * 1y is a self-homeomorphism of A! x (Y, Y;), rel 9A! x Y and extending k. It is
isotopic to the identity on A! x (Y, Y,) rel 0A' % Y by the Alexander trick.

Hence, if k: (X, Xo)~ (X, X,) is defined to be f(k * 1y)f~* on f(A! x Y) and the
identity elsewhere then k is ambient isotopic to the identity and k(x)= f(d).

Thus, X ambient isotopes to any other point of f(Int At), which is a neighborhood
of X in I'(X, X,)—I'"*(X, X,) as we saw in the proof of Theorem 6.
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It follows that the set of points to which x will ambient isotope is open and closed
in I'(X, Xo)—I'~*(X, X,) and since y is in the same component of I'(X, X;)
—I'""Y(X, X,) as x, x ambient isotopes to y.

REMARK. It is clear that if x~y in (X, X;) then Lk (x; X, Xo)~ Lk (y; X, Xo).

The embedding of Lemma S is usually obtained, as in the proof that a — b in
Definition 1, by coning an isomorphism of the link of a point with a suspension.
To get a stronger hold on the simplicial situation, we must examine the intrinsic
properties of suspensions.

LeEMMA 8. Let (X, Xo)=S""1 x (Y, Y,) and assume that (X, X,) is not an (n+1)-
fold suspension, then

St =I""YX, Xo) = {xe X, : ZLk(x; X, Xo) > (X, Xo)}.
Proof. Clearly, we have
St t e {xe X, : ZLk(x; X, Xo) = (X, Xo)} < I"" (X, Xy)

where the second inequality follows from the assumption that (X, X,) is not an
(n+ 1)-fold suspension.

But 7" }(X, X,) < S*71, for if xeS™* 1% Y,—S""1 Lk(x; X, Xo) is an
n-fold suspension and hence x ¢ I"~1(X, X,).

As a corollary, we have the following result of Armstrong and Morton, [A,]
and [M].

LEMMA 9. If 27(X, Xo)= ZW(Y, Y,), r<n, then (X, Xo)= 2" (Y, Yo,).

Proof. First we assume that n is maximal, i.e. that Z*(Y, Y,) is not an (n+ 1)-fold
suspension and prove the result in this special case by induction on r.

For r=0, the result is clear.

Now assume we are given a homeomorphism

h: ST x (X, Xo) — S™ 1 x (Y, Yo).
Let x € S™°1, then
oYX, Xo) > Lk (x; S™71 % (X, X)) @ Lk (h(x); S~ x (Y, Yy)).
By Lemma 8, h(x) € S"~* and hence
Lk (h(x); S*~* % (Y, Yo)) @ Z*~(Y, Y,).

Note that since Z*( Y, Y,) was not an (n+ 1)-fold suspension, Z*~1(Y, Y,) is not
an n-fold suspension, and so the inductive hypothesis of the special case applies
and (X, X))~ 2" (Y, Y,).

Now if n is not maximal, 2*(Y, Y,)~ Z™(Z, Z,) where m is maximal. By two
applications of the special case result,

ZN(Y, Yo) = IVT(ENTNZ, Zo)) = EMTN(Z, Zo) = (X, Xo).
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COROLLARY 10. Z*( X, X,)x ZM(Y, Y,) implies (X, Xo)= (Y, Yo).

DEerINITION 11. For a suspension pair (X, X,) (resp. a suspension X), we define
the intrinsic sphere S(X, X,) (resp. S(X)), to be

S(X, Xo) = {x€ X, : LLk(x; X, Xo) = (X, Xo)}
S(X) = S(X, X) = {xe X: TLk(x; X) ~ X},

and if a compact pair (X, X,) is not a suspension we define S(X, X,)={0}.

LEMMA 12. For any compact pair (X, X,) there is a homeomorphism (X, X,)
~S(X, Xo) * (Y, Y,) rel S(X, Xo), with (Y, Y,) unique up to homeomorphism and
not a suspension.

Proof. If (X, X,) is not a suspension then let (¥, Y,)=(X, X,). Otherwise let
(X, X,) be an n-fold suspension but not an (n+ 1)-fold suspension. Then there
exists a homeomorphism

q: (X, Xo) = S" 1% (Y, Yy)
and (Y, Y,) is not a suspension. By Lemma 8, g(S(X, X,))=S""1 so
g St St > S(X, X)),
and joining with the identity on Y and preceding by q gives
(X, Xo) > S 1% (Y, Yo) = S(X, Xo) x (Y, Yy)

rel S(X, X,). Uniqueness of (Y, Y,) comes from Corollary 10.
REMARKS. If f: S™ % (Y, Y,) = (X, X,) is a homeomorphism then

S(S™) = S(X, Xo).

Hence, (X, X,)is a (dim S(X, X,)+ 1) fold suspension and not a (dim S(X, X;,)+2)
fold suspension.
Thus, if x € X,, we have the equation

d(x; X, X,) = dim S(Lk (x; X, Xy))+1.

S(X, X,) is a subcomplex of any triangulation of (X, X,). For Lemma 8 implies
that if (X, X,) is a suspension, S(X, X,) is precisely the first nonempty intrinsic
skeleton.

We now examine the important phenomena of the points interior to a face of a
simplex having the same intrinsic dimension as the points interior to the simplex:

DEerINITION 13. Let B=AC be a simplex of K, in the complex pair (K, K,), then
the following conditions on 4 and B are equivalent:

a. d(x; K, Ko)=d(y; K, K;) xe€lInt A4, yelntB.

b. Lk (x; K, Ky)~Lk (y; K, K;) xeInt A, yelntB.

c. Lk (4; K, K))~ZC * Lk (B; K, Ko).

If these conditions hold we will say that A4 is a nice face of B in (K, Kj).



1969] THE THEORY OF POLYHEDRA 425

Proof of the equivalence. a —b. Letd(y; K, K,)=i, then d(x; K, Ko)=d(y; K, K,)
— x~y in (K, K,) since Int 4 lies in the closure of Int B. Hence, the links are
isomorphic by the remark following Definition 7.

b — a. Clear.

bec. Lk (x; K, Ko)~ A Lk (4; K, K,) and Lk (y; K, Ko)~ BLk (B; K, K,). But,

B = (AC+AC) = TAC = AXC

So b = ¢ by Corollary 10.

It is the explicit condition c, which relates the links of the two simplices that will
be most useful. Let us examine the simplicial situation more closely.

Since Lk (B)=Lk (C; Lk (4)), it follows that C x Lk (B; K, K,) is actually a
subcomplex pair of Lk (4; K, K;), and in fact, we have the usual stellar decom-
position

Lk (4; K, K,) = C* Lk (B; K, K,)+(P, P,)

where (P, P,) N C x Lk (B; K, Ko)=C * Lk (B; K, K,).

Thus, we let (Q, Qo)=C * Lk (B; K, K,) and identify C * Lk (B; K, K,) with
c(Q, Qo), then we have ¢(Q, Qo) <Lk (4; K, K,) with cQ— Q openin Lk (4; K, K).
Now condition c, is precisely the statement that Lk (4; K, K;)~ Z(Q, Qo).

So the question arises: When can we find a homeomorphism Lk (4; K, Kj)
~ 2(Q, Qo), which takes ¢(Q, Q,) identically onto the “upper half” of 2(Q, Q,)?
We will show that we can always ““straighten’” the homeomorphism on C, and in a
first derived mod B, we can straighten the homeomorphism on all of ¢Q, as
required.

First, if A is a nice face of B, then

(@, Qo) = Lk (4) = Z(Q, Qo).

If x is an); point of ¢S(Q, Qo) — S(Q, Qo), Lk (x; c(Q, Qo))~ Lk (x; Lk (4)) and
the former is easily seen to be homeomorphic to (Q, Q,).
Hence, ¢S(Q, Qo) <=S(Lk (4)) and is in fact a face. That is,

C = S(Lk (B; K, K,)) is a face of S(Lk (4; K, K,)).

Consider the composite homeomorphism

Lk (4) i> (vo+1,)C Lk (B) L (vo+v,)CS(Lk (B)) * R

where ¢ is the homeomorphism of Lemma 12, and R is some compact pair, which
is a join complement of S(Lk (B)) in Lk (B).  can be chosen to be the identity on
(vo+1,)C.

Let ¢ be an interior point of C. We would like to alter ¢ to get ¢ which on C
sends C identically to € and c¢ to v, and joins.
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We know that ¢$(C * S(Lk (B))) is a fact of (vo+v,)CS(Lk (B)). So we can
extend the map

-1-1 1
P(C * S(Lk (B))) u—> cC x S(Lk (B)) —— 1,C * S(Lk (B)),
to an auto-homeomorphism of (v, +v,)C * S(Lk (B)), called p. Define
¢ =47 p x LY.
This proves the first part of the following:

LEMMA 14. Let (K, K,) be a complex pair with B=AC a simplex of K,, and
c€Int C. Assume A is a nice face of B in (K, K,), then
a. There exists a homeomorphism

é: Lk (4; K, Ko) — (c+x)C Lk (B; K, Ko)

with $|C mapping identically onto cC.
b. If 75K is a first derived of K mod B, then there exists a homeomorphism:

¢: Lk (4; 15K, 75Ko) — (c+x)C Lk (B; 73K, n3Ko)
with ¢|C x Lk (B; ngK, 15Ky) the identity.

Proof. a is proved above, we now prove b.

A simplex of Lk (4; 75K) is of the form Dyny(ADyD,)- - -n(ADyD,) with D,<C
and D,<---<D, Mapping this simplex to Dgn(D¢D,)- - -7(DoD,) gives a
simplicial homeomorphism

Lk (4; 15K, 15Ko) — nc Lk (4; K, Ko).

This homeomorphism takes C Lk (B; n5(K, Kp))=C Lk (C; Lk (4; n5(K, Ky)))
to C Lk (C; n¢c Lk (4; K, Ky))=St (C; nc Lk (4; K, Ky)). This is a regular neigh-
borhood of C mod C in Lk (4; K, K,).

Hence, C Lk (B; n5(K, K,)) is a regular neighborhood of C mod C in

Lk (4; 75(K, Ko)).
Using part a, define a homeomorphism
¢: Lk (4; n5(K, Ko)) — (c+x)C Lk (B; n5(K, Ko))
rel C. By uniqueness of regular neighborhoods there exists a homeomorphism:
k:(c+x)C Lk (B)— (c+x)C Lk (B)
such that k|cC=identity and k¢(C * Lk (B))=cC Lk (B). In particular,
k$(C * Lk (B)) = C Lk (B).

Finally, define
k: (c+x)C Lk (B) — (c+x)C Lk (B)

to be (k$)~* on cC Lk (B) and extended by coning with x — x over xC Lk (B).
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The required homeomorphism is kké.
From the first part of the above we get a useful “local” version of our homo-
geneity results.

COROLLARY 15. Let (K, K,) be a complex pair with A a nice face of B=AC in
(K, K,). Let b € Int B. There exists a homeomorphism

f:St(4; K, Ko) — St (4; K, K,) rel ALk (A4, K)
and such that f(B)=bAC.
Proof. Let ¢ be a homeomorphism
Lk (4) = (¢c+x)C Lk (B)
rel ¢C. Join with the identity on 4 to extend ¢ to
é: St (4) = (c+x)AC Lk (B).
Let ¢: (c+x)AC — (c+x)AC be a homeomorphism rel (¢4 x)AC=d(c+x)AC

and mapping cAC to cbAC.

Define f=¢ (g * 1)é.
REMARK. By the Alexander trick fis isotopic to the identity rel 4 Lk (4; K).
We now relate the intrinsic skeleton and the links of simplices.

LemMA 16. Let (K, K,) be a complex pair B=AC € K,, x € Int B and y € Int C,
then
a. d(x; K, Ko)=dim S(Lk (B; K, K,))+dim B+1.
b. d(x; K, Ko)=d(y; Lk (4; K, K,))+dim A+1.
Proof. a. S(Lk (x; K, Ko))=B * S(Lk (B; K, Ky)). So
d(x; K, Ko) = dim S(Lk (x; K, K,))+1 = dim S(Lk (B; K, K,))+dim B+1.
b. By two applications of a, using Lk (C; Lk (4))=Lk (B):
d(x; K, K,) = dim S(Lk (B))+dim B+1,
d(y; Lk (4)) = dim S(Lk (C; Lk (4)))+dim C+1,
d(x; K, K,) = d(y; Lk (4))+dim B—dim C.
Finally, dim B—dim C=dim 4 +1.
COROLLARY 17. Let (K, K,) be a complex pair and let A € K, and
Co, C, e Lk (4; Ky).
Then
a. A is a nice face of AC, in (K, K,) iff C, € S(Lk (4; K, K,)).
b. AC, is a nice face of AC, in (K, K,) iff C, is a nice face of C, in Lk (4; K, K,).

Proof. a. Let x e Int 4, y € Int AC, and z € Int C,,. By Lemma 16a. d(x; K, K,)
=dim S(Lk (4; K, K;))+dim A+ 1. By Lemma 16b.

d(y; K, Ko) = d(z; Lk (4; K, Ko))+dim A+1.
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A is a nice face of AC, iff d(x; K, Ko)=d(y; K, Ko) iff d(z; Lk (4; K, K,))
=dim S(Lk (4; K, K,)) iff (by Lemma 8) z € S(Lk (4; K, K,)).

b. From Lemma 16a, since Lk (AC;; K, K,)=Lk (C;; Lk (4; K, Ky)) for i=0, 1.
Hence, a fortiori, dim S(Lk (4C;))=dim S(Lk (C;; Lk (4))).

CoROLLARY 18. Let (K, K,) be a complex pair and A a j simplex of K,, then for
Jjsi
Lk (4; I'(K, Ko)) = I'"7"Y(Lk (4; K, Ko)).

Proof. This is just a restatement of Lemma 16b.

We should note what Lemma 16 and this corollary do and do not say. If
Ce Lk (4; K,) and x € Int AC, y € Int C, then Lemma 16b relates d(x; K, K,) and
d(y; Lk (4; K, K,)). We would like to in turn conclude something about d(y; K, Ko).
Since C is a face of AC, d(y; K, K,) <d(x; K, K,) and hence we can conclude

d(y; K, Ko) < d(y; Lk (4; K, Ko))+dim A+1.

Furthermore, it is easy to construct examples to show that equality need not
hold. For equality to hold it is clearly necessary and sufficient that d(y; K, Ko)
=d(x; K, K,), i.e. that C be a nice face of AC in (K, K;). Since this comes up in
another context we mention the following special case when equality does hold:

LemMa 19. Let (K, K,) be a complex pair and B= AC € K,,. For
y € Lk (4; 75K,)—C,
d(y; K, Ko) = d(y; Lk (4; 15K, 75K,)) +dim A+1.

Proof. y € Int Dyy(ADyD,) - -m(ADyD,) with Do <C, D; < - - - < D, #0, D;e K,,

i=0,...,n
Int Dgn(ADoDy)- - -n(ADD,) U Int ADgn(ADoD;) - -n(AD,D,) < Int AD,D,.

Hence, Dyn(ADyD,)- - -q(AD,D,) is a nice face of ADy(ADyD,)- - -n(ADyD,)
in n5(K, K,) and equality holds by the above remarks.

LeMMA 20. Let (X, X,) be a compact polyhedral pair, then for i=0,

II(X, Xo) = I'*Y(Z(X, Xo)).

Proof. Since ES(X, X,)=S(Z(X, X,)), the result is true for the minimal non-
empty intrinsic skeleton, if (X, X,) is a suspension. If (X, X,) is not a suspension,
then I°(Z(X, X,))=suspension vertices. In either case, this takes care of the

suspension vertices.
If y=tv+(1—t)x, with v a suspension vertex, 0=t <1 and x € X,

d(y; Z(X, X,)) = d(x; X, Xo)+1.
REMARK. As we saw in the proof, if (X, X,) is not a suspension then I°(Z(X, X,))

=suspension vertices=Z{0}, so if (X, X,) is not a suspension, we interpret
I ~Y(X, X,)={0}, which fits with the corresponding convention of Definition 11.
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We obtain the following amusing corollary,
COROLLARY 21. Let X be a polyhedron, then I'(X, I'(X))=I'(X) for j<i.
Proof. Let x € I'(X), then by Corollary 18,

Lk (x; X, I'(X)) = (Lk (x; X), I'"(Lk (x; X))).

If d(x; X)=j, then Lk (x; X)~ Z7Y, with ¥ not a suspension, then by Lemma 20
(and the remark which follows for the case i=j),

Lk (x; X, I'(X)) = (Y, ZI'7-(Y)) = Z(Y, I' 7~ YY)

Since Y does not desuspend, the pair does not and hence d(x; X, I'(X))=j.

We now relate the absolute intrinsic skeleton with the ambient notion:

DEFINITION 22. Let (X, X,) be a polyhedral pair, with x € X,, then (X, X,) is
called locally unknotted at x if d(x; X, Xo)=d(x; Xo). If (X, X,) is locally unknotted
at all points of X,, we call (X, X,) a locally unknotted pair.

Local unknotting translates absolute conditions on X, into ambient conditions
on the pair, and can be defined in terms of any of the notions we have introduced:

THEOREM 23. For a complex pair (K, K,), the following are equivalent .
a. (K, Ky) is locally unknotted.

b. For all A € Ky, S(Lk (4; K, K;))=S(Lk (4; Ky)).

c. A a nice face of B in K, implies that A is a nice face of B in (K, K,).
x~y in K, implies x~y in (K, K,).

IY(K, Ko)=I'K,) for all i.

o a

Proof. a — ¢ —d — c are clear. To complete the proof, note that c —b by
Corollary 17a applied to (K, K,) and K,. b — a by Lemma 16a applied to (K, Ko)
and K.

We relate these notions to the usual definition of locally unknottedness for
manifolds, by the lemma.

LEMMA 24. a. A sphere pair (S™, S?) is unknotted iff S(S™, S?)=S".
b. A ball pair (B, B®) is unknotted iff S(B", B*)=0BP".

Proof. In each case unknottedness clearly implies the intrinsic sphere condition
and conversely (S™~?, {0}) and (B"~?*1, p) (with p € Int B"~?*!) are unknotted
and hence so are any suspensions of them.

COROLLARY 25. Let (X, X,) be a proper manifold pair, i.e. 6X N X,=0X,, then
(X, Xo) is locally unknotted iff it is locally unknotted in the usual sense, i.e. x € X,
implies Lk (x; X, X,) is an unknotted ball or sphere pair.

Proof. From Lemma 24, and the equivalence of locally unknottedness with
S(Lk (x; X, X))~ S(Lk (x; Xp)).
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REMARK. Note that (X, 7'(X)) need not be locally unknotted. Theorem 23 and
Corollary 21 imply that this is equivalent to I/(}(X))=I’(X) for all j<i. It is easy
to see that this need not be true, e.g. the wedge of two different dimensional spheres.

ITI. Homogeneous collapsing and regular neighborhoods. We begin by defining
a general form of relative collapsing.

DEFINITION 1. Let X be a polyhedron, with X', X,< X and let Xg=X' N X,,
then X collapses to X’ relative to X,, or more simply (X, X,) collapses to (X', Xg),
denoted (X|X,) ™ X' if there exists a sequence of elementary collapses

X = X"\ X IN ..\ X0 = X

with C1 (X**1— X*)=B'and B'n X'=F" a ball and face, as usual, satisfying the
condition that B! N X, < Cl (6B'— F?).

In such a case, we will call the sequence (X, X"~1,..., X% a collapse of X
to X' rel X,, or of (X, X,) to (X', Xo).

There is a corresponding simplicial definition:

DEFINITION 2. Let K be a complex, with K’, K, < K and let Kg=K, N K’, then K
collapses simplicially to K’ relative to K,, or (K, Kj,) collapses simplicially to (X’,
Ky) if there exists a simplicial collapse (K", K"~1,..., K% of K to K’ which is
relative to K, in the sense of Definition 1, i.e. K!**=K'+ B'+ A and K, N Bt < 4.
We denote this by (K|Kp) ¢ K.

REMARKS. In the simplicial case, there are two possibilities, which represent the
two kinds of things that can occur: Either K, N B'= A", or K, N B'<dA'. The first
corresponds to a punch out from K, and the second is in a strong sense, ‘“away
from K,”.

Any subdivision of a collapse of X to X’ relative to X, or of a simplicial collapse
of K to K’ relative to K, is clearly still a collapse relative to X,, or K, respectively.
Also, any collapse of X to X' rel X, is a collapse relative to any subpolyhedron
of X,.

If X, < X', then for all i in a relative collapse, B; N X, < 0F! and the definition
reduces to Cohen’s definition of relative collapsing. In this case, of course, Xg= X,.

We now relate the geometrical and simplicial notions using the following elegant
proof due to Marshall Cohen.

LEMMA 3. Let A"=aA" '=qdA"~! (with d € Int A"~?) and let r: A® — qA" !
be the simplicial retraction sending d to a. Let « A™ be any subdivision of A™ such that
r: aA™ — aaA" 1 is simplicial. Then («A™aA" 1) ¢ agA™~ 1,

Proof. Let A be a simplex of aaA"~1—«A"~1, r=1(4) is a convex cell of dimen-
sion dim A+1, with A4 as a face and r=*(4) N A"~! as a face. The simplices of
r=(4)—(4 U r~(4)) are mapped by r onto 4. They are ordered by the line
segment r~%(4) which joins 4 to r~'(4) N Int A"-!, We remove dim 4 and
dim A + 1 simplices of r~*(4) in pairs moving down r~1(4) from r~*(4) N Int A*~ 1,
This gives a collapse r~1(4) “*r~(4) U A. Furthermore, this collapse is
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relative to A®~*, or more precisely, (r~*(4) N «A™~?). For if B and C with B=bC
are a pair of simplices removed during this collapse then rB=rC=A and so there
is a vertex ¢ of C such that rb=rc is a vertex of A4, and hence b ¢ A*~! and since it
lies between ¢ and rb on the segment r~rb, b ¢ Int A"~ so BN «A"~ 1< C.

Now order the simplices of aaA"=1—aA"-1 in decreasing order of dimension
and in order, for each such simplex 4, perform the above simplicial collapse
r=1(4) \* 4 U r-}(4), giving a collapse «A" \* agA"~1, which is clearly relative to
aA™ L,

LEMMA 4. Let (X|X,) N X' and let (K; h) be a triangulation of X. Then there
exists a subdivision «K such that h=*(X,) and h~*(X') are subcomplexes of «K and
(K |h~Y(Xo)) & A~} X).

Proof. Let X=X",..., X°=X' be a collapse of X to X'rel X,, and let
Bi=h"Y(Cl (X'— X*~1)) and F* the face of B! complementary to B* N A=}(X*!"1).
So B'N h=Y(X,)<F!.

Let ¢': (A, A) — (B, F') be a homeomorphism with A;=ag,Aj. If rt: A; — al]
is the retraction of Lemma 3, then define s*: A~%(X%) — A~1(X*~1) to be ¢'ri(g")~*
on B!and the identity on A~(X*~1),

First, let BK be a subdivision of K so that h~1(X,) and A~*(X?) i=0,..., n are
subcomplexes of BK. Then subdivide to make the following diagram simplicial :

n 1

BK = h=1(X™) ——s B (X" 1) — >+ . ——> B} (XY) ——> h-}(X©)

S o

An An-l Al
If «K is the subdivision of BK obtained, then Lemma 3 implies that
(@K |h=Y(Xo) N hA~Y(X").

REMARK. Notice that the simplicial collapse obtained is a subdivision of the
original geometric collapse.

We now relate relative collapsing with intrinsic skeleta.

DEFINITION 5. Assume that X', X< X< Q,<Q, let X=X" X" .. X°=X’
be a collapse of X to X'rel X,. Call this collapse homogenous (resp. weakly
homogenous) with respect to (Q, Q,), if for each i=0,...,n—1, d(x; Q, Qo) is
constant as x varies over X**1— X! (resp. as x varies over X'*!1—(X* U X,)).
If there exists a collapse of X to X' rel X, which is homogenous (resp. weakly
homogenous) we will write (X|X;) ,N X’ with respect to (Q, Qo) (resp. (X|Xo)
»N X' with respect to (Q, Qo)).

Note that (X|Xo) ,x X' with resp. to (Q, Qo) does not imply that d(x; Q, Qo)
is constant as x varies all over X— X'. The intrinsic dimension of the cells which
are removed may vary; d(x; Q, Q,) is constant only on each cell.
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As usual we will write (X|X,) N X' in Q or (X|X,) »x X' in Q for (X|Xp)
w X' in (Q, Q) or (X|Xo) wx X' in (Q, Q).

Note that if X, < X', then (X|X,) »x X' is equivalent to (X|Xo) ,N X'.

Assume that (X|X,) »\ X' in (Q, Qo) and let (K, Ky; h) be any triangulation of
(Q, Q). Subdividing K so that #71(X) is a subcomplex, and then applying Lemma
4, and the remark that follows it, and finally extending the resulting subdivision of
h~Y(X) to a subdivision of K, we obtain a subdivision («K, aK,; h) satisfying:

a. h~(X), h~*(X,) and A~1(X’) are subcomplexes of «K,.

b. A~Y(X)*h~}(X') by a sequence of collapses of simplices B'=5'4' across
faces A, satisfying:

1. B'n h~Y(X,) < A

2. A'is a nice face of B'in (K, «Kj).

Similarly, if (X|Xo) »X X' in(Q, Qo) and (K, Ko; h) is a triangulation of (Q, Q,),
then there exists a subdivision («K, «Kj; h) of (Q, Q,) satisfying:

a. h~Y(X), h~1(X,) and A~*(X’) are subcomplexes of oK.

b. A~3(X) N h~1(X') by a sequence of collapses of simplices B'=b'4"! across
faces A!, satisfying:

1. B' 0 h~Y(Xp) < A,

2. If B'n h=1(X,) < A then A! is a nice face of B'in (K, «Kj).

In these simplicial situations, condition bl says that the collapse is relative to
h~1(X,) and b2 says that the collapse is homogenous, or weakly homogenous.

Now after all these definitions, the collapsing theorems:

THEOREM 6. Assume Xo< X< Qo< Q, and let (V, V) be a regular neighborhood
pair of X mod X, in (Q, Qo). Then if (X|X,) s\ X' with respect to (Q, Qo), then
(V, Vo) is a regular neighborhood pair of X’ mod X' N X, in (Q, Qo).

Proof. We assume that everything is triangulated as above to obtain the situa-
tion: a complex pair (K, K,) with K, full in K and subcomplexes L, L', L, of K,
with L, full in K,, and a simplicial collapse: L=L" L*~*,..., L°=L’ with L'*!
=L'+ A*+ B* with A' a nice face of B and L, N Bi< A4'. If we prove that every
(K, K,) neighborhood of L‘*'mod L'** N L, is one of L'mod L' N L,, we are
clearly finished by induction. So it suffices to prove the result across one simplicial
collapse.

Let L=L'+ A+ B with B=bA, L’ " B=bA, L, N B< A and A4 a nice face of B
in (K, K,), where L, is a full subcomplex of K and we can assume L is a full sub-
complex of K by deriving mod L, if it were not. We show that every (K, Kj)
neighborhood of L mod L, is also a (K, K,) neighborhood of L' mod L, N L'.
By the uniqueness theorem for regular neighborhoods, it suffices to exhibit any
regular neighborhood of L mod L, which is also a regular neighborhood of
L'modLonL.

There are two cases, according to whether BN Ly<A4 or BN Ly=A.

(1) BN Ly<A. Then BN L, is a proper face of 4, by the fullness of L.
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Let (H, Hy)=Lk (B; K, K,). Let «K=0,,0,K where 04K is stellar subdivision of
K at A introducing a vertex a € Int 4, and 0,,0,K is stellar subdivision of ¢,K at
ba introducing a vertex x € Int ba.

a(B* H) = 0,,0.bA ¥ H = oysbad * H = x(a+b)A + H = («B) * H.
So
o(B * (H, Hy)) = St (B; K, Ky) = (aB) * (H, Hy).

Define L, =L’ + xbA. This is a full subcomplex of «K.

ASSERTION. There exists a derived naK such that N(L,—L,; na(K, K,)) is a
regular neighborhood of L' mod L, in (K, Kj).

Note that as a first derived neighborhood N(L, —L,; na(K, Ky)) is by definition,
a regular neighborhood of L, mod L,.

Assuming the above assertion, we are almost done, for by Corollary II.15 there
exists a homeomorphism f: (K, K,) — (K, K,) supported by St° (4; K) such that
f(B)=xbA. Note that f is the identity on L’ and L, and f(L)=L,. Hence,

STIN(L,—Lo; ne(K, Ky))

is a regular neighborhood of both L mod L, and L' mod L, in (K, Kj).

To prove the assertion, we parametrize o, St (B; K). As above, o,(B* H)
=(0,B) * H=baA * H. Now let A=[e,, e,, e,, e3, e,] be the standard four simplex,
and define a simplicial map p: 0,8 * H— A as the join of the following:

P(A N Lo) = ey, p(b) = es,
PCANLy A) = e,  p(H) = ey
p(a) = e,

Note that the inverse of each vertex of A is a full subcomplex of o,B * H.

Furthermore, if we subdivide A:o,,.. A at the point es;=p(x), then p: aB * H
—> 04,0, A is simplicial, for «B * H=x(a+b)A4 * H and o,,,,A=e;(e, +e3)eqe; €5

We will now define two derived subdivisions, one of A and one of o,,.,A, called
nA and 7o,,.,A respectively, satisfying:

(1) nleoerezes+ecerezes = i|eceieses + epeieze,.

(2) |N(eoere3—eo; nA)| =|N(eoeie3es— €g; 10epe, D).

Let 7 be any derived subdivision of ¢,,.,A and then pick nA to agree with 7 on
eoe1€28, +egeresze, and for C any simplex (including 0) of eqe,e,, let b(eq,e3C) for
nA be defined to equal b(eqe;C) of 7A. (1) is clear and (2) is easily proved by looking
at the complements of the two sets in A and seeing that they are made up of the
same simplices.

Now, note that ¢,K and «K agree outside of St°(B; K). Define derived sub-
divisions no,K and 7K so that

(@) 704l K—St° (B; K)=7io| K—St° (B; K),

(b) p:nouB * H—>nA and p: jjaB * H — #a,,. A are simplicial.
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Here (1) above is used to make (a) possible.
Now we claim that

|N(L'—Lo; no4(K, Ko))| = IN(LI_LO; 7oK, Ko))';
which would prove the assertion since L’ is full in o,K and L, is full in K.
To prove the above equality note that the sets are clearly equal outside of
St° (B; K). So it suffices to prove the equality of their intersection with St (B; K),
i.e. to prove

IN(bA—A N Ly; no4B * (H, Hyp))| = |N(xbA— A N Ly; 5je.B * (H, Hy))|.

But, by the parametrization Lemma [C; Lemma 2.14], these sets are respectively
(P, p|B * Ho)~*|N(eoeres—eo; nA)| and (p, p|B x H,) ™| N(eoe1€5€5 — €0} 710eses )]
and are consequently equal by condition (2) above on »A and o, A.

This completes the proof of the first case.

(2) BNLy=A. Let Ly=L, N L'=Ly— A. Again we assume that L is full in XK.
Define aK=0,4,0,K and L, =L’ +xbA as in the first case.

We reduce the proof of case (2), precisely as we did case (1) to a proof of the
following:

ASSERTION. There exists a derived 7oK such that N(L, — (L, + xA); na(K, Ky)) is
a regular neighborhood of L' mod L; in (K, Ky).

Completing the proof of case (2) from the assertion uses the same homeomorph-
ism f; and noting this time that f(Lo)=L+xA4.

To prove the assertion, we parametrize again, this time to A=[eye,eqe3] the
standard three simplex. Define p: 0,B * H— A by joining

P(A) = &, p(b) = e,
pla) =e, p(H) = e,

Let p(x)=e, and let o,,.,A introduce the vertex e,, so that p: aB x H— a,,.,A
is simplicial.

We now define derived subdivisions 7A and 7o, ., A to satisfy:

(1) n]eceres+ egeses =1j|eqe e3+egezes.

(2) |N(eoes—eo; nA)| =|N(eoeses — €es; 10e,e,0)|-

Let 4 be any derived of o,,.,A and then pick nA to agree with 7 on ege;e3+ egeqes
and let b(eje;)=eq, b(eieseq)=>b(eqes) of 7o, A and b(ejeqces) and b(ege;eqes)
=b(eqeqe3) and b(egeqeqe;) of 7o, ., A respectively.

Define 70K and 7eK as in case (1) and we prove, precisely, as in case (1) the
equality

IN(L' —Lo; 704K, Ko))| = |N(Ly— (Lo -+ xA); 7o K, Ko))|.

This completes the proof of case (2) and hence of Theorem 6.

COROLLARY 7. Let Xo< X' < X< Q,and V be aregular neighborhood of X' mod X,
in V, with V a topological neighborhood of X — X,. Then, if (X|X,) px X', then V
is a regular neighborhood of X and X, in Q.
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Proof. Let U be a regular neighborhood of X mod X, with U— X,<Int V e.g.
triangulate so that everything in the statement is a subcomplex with X and X full
and then let U=N(X— X,; nQ)<Int V since V is a topological neighborhood of
X— X, and a subcomplex.

By Theorem 6, U is a regular neighborhood of X' mod X, and hence by [C;
Proposition 7.3] V is a regular neighborhood of U mod X, and hence by [C;
Proposition 7.4] V is a regular neighborhood of X mod X,.

Now for the theorem associated with weakly homogenous collapsing:

THEOREM 8. Assume Xo< X< Qo< Q, and let (V, V,) be a regular neighborhood
of Xmod X, in (Q, Qo). Then if (X|Xo) wx X' with respect to (Q, Q,), there exists
an embedding f: (V, Vo) — (V, V,) with f|X'=identity and such that if (U, U,)
=f(V, Vy), then (U, U,) is a regular neighborhood of X' U X, mod X, in (Q, Q,)
and (U, UO) =f( Vs VO)

Proof. We assume that everything is triangulated as in the remarks preceding
Theorem 6, and so obtain the situation: a complex pair (K, K,) with K, full in K
and subcomplexes L, Ly, L' of K, with L, full in K,, and a simplicial collapse
L=L"...,L°=L', with L'*1=L!+ A'+ B* with L, N B'< A" and A4* a nice face of
B'if L, N Bt < A'. If we prove that every (K, K,) neighborhood of L'** U L, mod L,
embeds in itself as required with image a regular neighborhood of L! U L, mod L,,
then the result follows by induction, by composing the embeddings. So again it
suffices to prove the result across one simplicial collapse.

Let L=L'+ A+ B with B=bA, L' "B =bA,L,Nn B<A and if L, N B< A4,
then A is a nice face of B. L, is a full subcomplex of K and we can again assume
that L is also full. As in Theorem 6, there are two cases:

(1) Lo " B< A4 and 4 is a nice face of B. Then Theorem 6 itself applies and any
regular neighborhood of L mod L, is a regular neighborhood of L' mod L' N Ly=L,
so we can let f=identity, in this case.

(2) L, n B=A. Note that as in Theorem 6, uniqueness of regular neighborhoods
implies that we need only prove the existence of such an f for one regular neighbor-
hood of L U L, mod L,, since any other can be mapped to it by a homeomorphism
of (K, Ko) rel L U L,

As in the proof of Theorem 6, let (H, Hy)=Lk (B; K, K,), «K=0,,0,K and
define p: 0,B ¥ H — A=[eye,e5e3], by joining

pA) = e,  pb) = e
pa) = e, P(H) = es.

Again, let o,.,A introduce the vertex e,=p(x). Let e; € Int e,e;. There exist
deriveds nA and 7A satisfying

(1) nleod(ereses)=1|eqd(e1€2€5).

(2) | N(eoerea—eoer; nA)| =|eqeseqzes| and | N(eoeses—egey; nA)| =|egeses).

(3) | N(eoea—eo; 1A)| = |eceseses| and |N(eges— eo; A)| = |egeses|.
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Now define derived 704K and 70,K to agree outside St° (B; K) and so that
p:inmo B x H— nA and p: o,B * H— 7A are simplicial.
We will define a homeomorphism

SJHIN(L Y Lo—Lo; mo4(K, Ko))| = [N(L" Y Lo~ Lo; fjoa(K, Ko))|
taking N to N and the identity on L', which will prove the result.
To define f, note first that
N(L U Ly—Lo; n04K)—St° (B; K)— A = N(L' U Lo~ Ly; 50,K)— St° (B; K),
and
N(L U Ly—Lgy; 70,K)—St° (B; K)—A = N(L' U Ly—Ly; 70,K)—St° (B; K).

So define f'to be the identity on these sets. To complete the proof we must define f
on the intersection with St (B, K), i.e. we must extend f to a homeomorphism

N(B—A;noB x (H, Hy)) —> N((b+a)A— A; 70,B * (H, Hy))

taking boundary to boundary and the identity on the intersection with bAH (to
extend the previous definition of f).
By the parametrization lemma, these sets are respectively,

(p, p|B * Hy)"|egereces| and  (p, p|B * Ho) ™ *|eqeseses|,

and the respective boundaries are the inverses under (p, p| B * H,) of |ese,es| and
|eoeses|-

Define f: o,B * H— «B * H by f(a)=x joined with the identity on b4 * H. We
will prove that f|N(B— A; no,B = (H, H,)) is the required homeomorphism. To do
this, it suffices to show that

JPteserezes| = pTllegeseses| and  fpTllegeies| = pt|egeses).

Define f: A — o,,.,A by fa(e;)=e, joined with the identity on eqeqze;. Clearly,
pf=fap- Since fy }(|eceseqes|, |eceses|)=(|eceiezes), |eceres|) and since f(o,B * H)
contains p ~!|eqe.eqe5), a little diagram chase proves that

P (|ecereqes|, |eceres]) = p~1(|eceseqes|, |eceses)).

Thus, f defines a homeomorphism of a regular neighborhood of L U L, mod L,
onto a regular neighborhood of L' U L, mod L, within it. Proving case (2) and the
theorem.

COROLLARY 9. Let (X, X,) be a polyhedral pair contained in a polyhedron Q.
Let V be a regular neighborhood of X mod X, in Q. If (X|X,) »x X' in Q, then
there are regular neighborhoods U and U’ of X' mod X, N X' in Q contained in V
and there is an isotopy H of V into itself such that H|V x 0+ U’ x I=identity and
such that H(V)="U.
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Proof. By Theorem 8, V' is homeomorphic rel X' to a regular neighborhood of
X' mod X, N X'=Xg. Hence, ¥V N Xg=(X;)r and V supports a stellar triangula-
tion as required by the hypothesis of part a of the stellar neighborhood theorem
[C; Theorem 6.1(a)]. The conclusion is that of that theorem.

Before showing the various resolutions that these theorems give to the recognition
problem for regular neighborhoods, we present the following equivalent to
homogenous collapsing:

LemMA 10. Assume Xo< X< Qo< Q with X— X, finite dimensional, then (X|X,)
pN X' iff for all 0<i<dim X - X,:

(X N IYQ, Qo) Xo N IHQ, Qo)) N (X' NIHQ, Qo) V (X N I"HQ, Qo))

Proof. Let I'=1'(Q, Qo). The collapsing through intrinsic skeleta clearly
implies homogenous collapsing since we can go from X ,x X' U (X N I) N X’
by induction using the hypothesis for the inductive step.

To go the other way, we simply note that if we have a homogenous collapsing
of X to X', we can rearrange the collapses in descending order of intrinsic dimen-
sion, i.e. If X*"'4+B'"1=X*! and X'*' =X+ B'*! and d(x; Q, Qo) is less for
x € Xi*1— X than for X'— X*~1 then B'*' N Xi< X'~! so we can first remove
Bi-1 from X'*! and then remove Bi*?.

THEOREM 11. Let X, < X< Q, with Cl (X— X,)= Xy compact, and let V< Q be
the closure of an open neighborhood of X — X,, i.e. V=Cl Int V, with X— X,<Int V.
Assume V N Xo=Cl (X~ Xo) N Xo=(Xo)r, and let V=(Bdry V) U (Xo)z. Then
the following are equivalent

a. Vis a regular neighborhood of X mod X, in Q.

b. (V|V) wx (X)g.

. (VY)Y (X)g and V— X, is locally collared in C1 (Q—V)=Q—Int V.
. (V|(Xo)r) px (X)g and V— X, is locally bicollared in Q.
. CL(V N I'(Q)— X,) is a regular neighborhood of

o oo

(XN I(Q) W (VN I=X(Q) mod (Xo N INQ) Y (V N IT-Y(Q))
in I'(Q) for all i, and
(Bdrysiq, CL(V N IH(Q)— Xo)) Y (Xo N TH(Q)) = (VU Xo) N T(Q).

REMARK. All of the collapsing conditions b-d have equivalent formulations
including all of X,. The equivalence comes from excision, and the assumption that
V' N Xo=(Xo)z. The corresponding conditions are

b (VU Xo|V U Xo) ne X.

¢. (VU Xo|V U Xg) w\ X +local collaring on the outside.

d’. (VU X,| Xo) »\ X +local bicollaring.
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Proof. a — b. Directly from the definition of regular neighborhoods, we have
full subcomplexes L, L, of K, with L— L, finite and we wish to show that

(N(L—Lo; nK)|N(L—Lo; nK)) »x (L)r

in K. Note that by local finiteness N(L—L,; nK) is a finite complex.

Every simplex of N(L— L,; K)— L is of the form ABC with 4 € (L), B C(L,, L)
and Ce N((L)z; N(L—Lo; K)) [C; Proposition 2.9], with B#0#C. Order these
simplices in descending order of dimension.

(N(L—Lo; 1K), N(L—Lo; 7K)) N ABC = (N(AB— A; nABC), N(AB— A; 7ABC))

from the parametrization lemma. By [C; Lemma 2.16] this is a ball and face, with
complementary face

N(AB—A4,79ABC) = N(AB—A; 7(B * 2AC)) = \J (N(L—Lo; 7K) N 4,BC))

for A;BC;<0ABC. Thus, removing these pairs in decreasing order of dimension
provides a collapse N(L—Ly; 7K) \ (L) which is clearly rel N(L—L,; 7K). Since
the points removed in the collapse corresponding to ABC all lie in the interior of
ABC, the collapse is homogenous in K.

a— c and d. Follows from a — b and [C; Theorem 5.2] which says that V' — X,
is locally collared in ¥ and in Q—Int V.

a — e. Triangulate the situation to obtain L, <L full subcomplexes of K and
V'=N(L—Ly; 7K). Recall that the intrinsic skeleta /' are subcomplexes of K. Let
Vi=Cl(N(L—Lo; 7nK) N I'—Ly). By [C; Lemma 2.13], VI=N(LN i =Ly N 1*; 71"
for all i. Hence, (V!, V'~1) is a regular neighborhood pair of L N I* mod L, N I
in (1%, I*-1). This implies by [C; Proposition 7.10] that V! is a regular neighbor-
hood, in I, of

(LN IV Vi~1mod (Bdrys-: Vi*1) U (Lo N T).
But(LNIHvuVi-i=(LNnI)yu(VNnIi~1). And

Bdry -2 Vi) U (Lo NI = NLN T —Lo N T4 9l ) U (Lo N TY)
= (N(L—Lo; nK) N I'"1) U (Le N I)
=WNnI~Yu(L,nI.

For in each of these equalities the only points where the varying terms change lie
inLyn 11,

b—>a. V is obviously a regular neighborhood of ¥ U X, mod X, U V
(V N Xo=(Xo)r and ¥=Cl (Int ¥)). So a follows from Theorem 6.

c— a. As above, using Theorem 8, we have (¥, V) is homeomorphic rel X to a
regular neighborhood of X mod X, and its boundary. Hence, V—X, is locally
bicollared and the stellar neighborhood theorem [C; Theorem 6.1b] implies that
V is a regular neighborhood of X mod Xj.
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d — a. Triangulate and subdivide so that X, X, and V are full subcomplexes of
Q. The local bicollaring assumption implies that V— X, is locally collared in ¥
and Q—Int ¥V (Q—Xo=(Q—(V U Xy)) U (V- X,) U (Int ¥— X,)). Using this we
can produce a homeomorphism f: Q@ — Q rel X with fV'=N(V— X,; 7Q), see for
example the proof of [C; Theorem 6.1]. Theorem 6 implies that N(V— X,; Q) is
a regular neighborhood of X mod X, in Q and hence so is V.

e—>b. Let Vi=Cl(V N I'— X,). We have assumed the identity

(Bdrys VH U (X, NI = (VU Xp) NI
Then, since a — b’, the hypothesis of e gives
VU XoNTIHYU @ NI Bdry: VYU (X, NIH U (VN TY)
N(XNnIHYu¥ NIty
Apply the assumed identity, this becomes
((VUX)N (VU X)NI)N (XN U (Y NITY),

So Lemma 10 implies that (V' U X,|V U X,) & X.

REMARKS. The identity at the end of e is equivalent to the assumption (V' — V)
N I'(Q)=Int V{— X,. Without this assumption e 4> a. Let Q be the upper half
plane, V=[(-2,0), (-1, 1), (0, 0)]+[(0, 0), (1, 1), (2, 0)] and let X={(—1, 0)} and
X,= g, then the conditions of e except for the identity are satisfied and yet V is
not a regular neighborhood of X.

There is an interesting example which shows that the local collaring conditions
of c and d are necessary:

Let A;=[(0, 1), (0, —1),(1,0)] and A,=[(0,0), (1/2, 1/2), (1/2, —1/2)] in the
plane R%. Let V=A, x [0, 1]+ A, x [— 1, 0] in the half space of R®={(x, y,z) : x20}
=Q. Let X=(0, 0, 1/2) and X,= @. One can check that (V|V) ,x Xand ¥V 5 X
(by two different collapsings), but ¥ is not a regular neighborhood of X. In fact,
V N 0Q is not a manifold.

We remark that the equivalence of a and d in the case X,= @ is due to Stallings,
by a rather different approach, see [S; Chapter VI].

If instead of condition e, we assume that V! is a regular neighborhood of
(XnIHYu ¥ nI'"H=(XNIYVU V'~ mod (X, N I') U (Bdry;-1 V1), then the
identity follows by downward induction since, x e (¥ N IY)—(Bdry; ViU X,)
implies x € Int ¥* and hence by hypothesis x € Int ¥**1, contradicting inductive
hypothesis for i+ 1. Note that identity is clear for i=dim V.

In the unlikely event that the reader is interested we mention a generalization of
Theorems 6 and 8.

In our definition (X|X,) s X’ in (Q, Qo) we assumed X < Q,. To discard this
assumption we can extend the previous definitions of homogenous and weakly
homogenous collapsing using the old definitions as follows: Define (X|Xo) sx X’
in (Q, Qo) to mean (X|Xo) s X' U(X N Q) in Q@ and (X N Qo Xo N Qo)
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XN Qg in (Q, Qo) (old definition). Similarly, we can extend the definition of
(X|Xo) »x X' in (Q, Qo). Theorems 6 and 8 remain true as stated, deleting the
assumption that X, X, < Q, and using the new definitions. The proofs are the same
but there are four cases, in each theorem, the two of Theorem 6 for collapses in
Q— 0, and the two of Theorem 6 for collapses in Q,. Similarly, for Theorem 8.

Finally, we note that our solution of the ‘““recognition problem for regular
neighborhoods, Theorem 11, has the unsatisfactory aspect of requiring CI (X — X,)
to be compact. To eliminate this hypothesis, presumably one could replace col-
lapsing conditions by the existence of some kind of ‘“homogenously collapsible
retraction”, and construct a proof a la [C; Chapter 9] by using the retraction to
reduce the problem to collapsing conditions on the dual cells, which are finite, and
use Theorem 11 where Cohen uses Whitehead’s shelling process. However, this
would seem to require more attention than this outline suggests as the dual cells
are cones, not balls in this case. Probably, a proof can be constructed using the
results on cones, later in this paper, to generalize a 2 d to this context.

IV. Unknotting cone pairs. Given an embedding of a cone into a polyhedron:
f:aX— Q and V a regular neighborhood of f(aX) mod f(X) in Q. We consider
the problem of when f: aX — V looks like the inclusion of a subcone in a cone,
i.e. when does there exist a homeomorphism h: ¥ — aV such that Af=f when f is
defined as the coning of f|X, i.e. a(f|X):aX —aV. This is a much stronger
condit on that the existence of a homeomorphism of pairs: (V, f(aX))=a(V, f(X)),
for this homeomorphism preceded by f need not equal £, but will, in general, be f
preceded by a homeomorphism k: aX — a X rel X. So this problem has two aspects:
Unknotting the pair (V, f(aX)) and unknotting the homeomorphism k. The
solution of the second is by far the more important and more difficult. In fact, it is
an easy exercise to show using Theorem 111.8, that (V, f(aX))~a(V, f(X)) iff there
exists a point p € f(aX)—f(X) such that (f(aX)|f(X)) »\ p in (Q, f(aX)).

The importance of unknotting the embeddings of cones (rather than the set
pairs) and the above version of unknotting is due to Lickorish [L] and this whole
section is just a generalization of his Proposition 1, and in broad design mimics
its proof.

DEFINITION 1. Let f: aX — Q be an embedding. Call f conewise homogenous,
denoted CH, if for each x € X, d(f(ta+(1 —1)x); Q, f(aX)) is constant for 0 <z<1.

LEMMA 2. Let a(X, X,) be a cone pair, then the inclusion aX,<aX is conewise
homogenous.

Proof. If x € X, then for any O<z<1:
Lk (ta+(1—1)x; a(X, X,)) =~ Z Lk (x; X, Xo),

which is independent of .
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REMARKS. It follows that conewise homogeneity is surely a necessary condition
for unknotting an embedding as described above. The remainder of this section is
devoted to showing that it is sufficient.

Note that for each xe X, d(f(ta+(1—1t)x); f(aX))=d(ta+(1—1t)x;aX)=1
+d(x; X) for 0<t<1 and hence if (Q, f(aX)) is locally unknotted at every point
of flaX)—f(X), then fis conewise homogenous.

Since every triangulation of a cone has a conical subdivision [Z; Lemma 2.1],
we can triangulate and subdivide an embedding f: aX — Q to obtain the simplicial
situation:

f:yaK —J a simplicial embedding with yaK a conical subdivision of aK and
yK =K. We will call such an embedding f: yaK — J a conical simplicial embedding.

We will need some properties of and notation about conical subdivisions which
we now describe:

On a cone aJX, there is a canonical projection =: aX—a — X given by

m(ta+(1—1t)x) = x

for t#1. This map is a “standard mistake” and is not p.l.; however, to say that
yaK is a conical subdivision of aK is precisely to say that if 4 is a simplex of
yaK—a, then n(A4 —a) is a simplex of yK.

Let yaK be a conical subdivision with yK=K. Then for 4 € yaK—a we will
denote by mA4 the simplex #(4 —a) of K. For 4 € yaK—a, either dim 4A=dim =4,
in which case we call 4 horizontal, or dim 4=dim =4 + 1, in which case we call 4
vertical. If B € K, then yaB—yaB consists of precisely those simplices 4 such that
mA =B, and the simplices of Int yaB are those 4 such that m4=B and A+#B.

If A is a horizontal simplex of yaB—yaB, then the component of aB— 4 which
contains a, has precisely one vertical simplex with 4 as a face. We will call this
simplex, the simplex above A4. If 4 is a horizontal simplex of Int yaB, then the
component of aB— A which intersects K has precisely one vertical simplex with 4
as a face. We will call this the simplex below A. Thus, if 4 € yaK—a the simplex
above A lies in Int ya(mA4) and if 4 ¢ K then the simplex below A4 is also defined and
lies in Int ya(wA).

LEMMA 3. Let f: yaK — J be a conical simplicial embedding. Then the following
are equivalent:

a. f is conewise homogenous.

b. If Be K, then d(f(x); J, f(aK)) is constant for x varying in Int aB.

c. If Ae yaK—(a L K) and B is the simplex above or below A, then fA is a nice

face of fB in (J, f(yaK)).

Proof. Clearly, c — b —a. We show that a—c. If x € Int 74 =B, then the
open cone line {ta+(1—t)x;0<t<1} intersects Int 4 and Int B. Since f is CH,
d(f(»); J, f(aK)) is constant for y along this line, so fA4 is a nice face of fB.
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THEOREM 4. Let f: aX — Q be a conewise homogenous embedding. Let V be a
regular neighborhood of f(aX) mod f(X) in Q. Then there exists a homeomorphism
h: V — aV rel V such that hf=f, where f is defined to be a * (f|X).

Proof. We will inductively assume the theorem for dim X <n and prove it for
dim X=n.

Triangulate to obtain f: yaK —J a conical simplicial embedding. There is a
canonical simplicial collapse (yaK|K) \ a, obtained by ordering the simplices of
K in descending order of dimension {D,} and for each D;, in order, collapse
yaD \ yaD by removing in pairs a horizontal simplex and the vertical simplex
above it. This is clearly relative to K. The image of this collapse under fis a collapse:
SfraK)=Lk, L¥-1, ... L°=f(a), with L'*'=L'4 4'+ B with B'=b'4' and B' N L!
=b'A* and f~1A* horizontal in yaK and f~!B* the vertical simplex above it.

First we assume the following:

ASSERTION. Let (V*, V¢, {V}}) be a regular neighborhood of L! mod L' N f(K)
in (J, f(aK),{f(aD;)}). Then there exists a homeomorphism h;: (V*, V& {V}})
—(V°, V3§, {V?}), taking boundary to boundary.

All the work and in particular, the inductive application of Theorem 4, is con-
tained in the proof of the assertion.

From the assertion, there exists

he: (V, f(aK),{f(aD,)}) — St (a; (nJ, 1f(yaK), {nf(yaD,)})
taking (V, f(K), {f(D,)}) to the corresponding link family. Thus we can define:

g = (a* (b V)" Dhe: (V, f(aK), {f(aD))}) — a * (V, f(K), {f(D)})

rel V. Now gff ~! is a homeomorphism of a * f(K) with itself rel f(K) and mapping
a * f(D;) to itself for all j. Since ¥ can be triangulated with f(K) as a subcomplex
(e.g. map Vto N(f(aK)—f(K); n,J) rel f(K) where ,J is a derived of J mod f(yaK)),
aV can be triangulated with af(K) as a subcomplex. The homeomorphism of
af(K) U V given by gff - on af(K) and the identity on ¥ maps each simplex of
such a triangulation to itself and so extends to a homeomorphism of a¥ by induc-
tion up the dimension of the remaining simplices. Call this extension g: a(V, f(K))
—a(V, f(K)) rel V. Let
h=g'gV—>aV

rel V, then hf=f.

This reduces the proof of the theorem to a proof of the above assertion. Clearly,
it suffices to prove the following:

ASSERTION’. There exists a homeomorphism k;, for each i,

kl: (VH.I’ V(i)+l’ {ViH-l}) - (V‘, Vé’ {VJ‘})

and such that
KV, Vi Vi) = (VY VL V).
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This assertion is seen to be just a “family” version of Theorem III.8. Thus, the
proof will completely parallel that one, but with the difficulty, as will be seen,
appearing at an unexpected point.

By the uniqueness theorem for regular neighborhoods, [C; Addendum 3.3] it
suffices to construct such a k,, for any choice of ¥**! and any choice of V.

Now Li*'=L'+ A+ B with B=bA, L' " B=bA and f~!B the vertical simplex
above the horizontal simplex f~14. As in Theorem III.8, there are two cases:
AefKor A¢fK.

Case (1) A € fK. This corresponds to case (2) of the proof of Theorem IILS8.
There it is directly proved that there exist deriveds yo,J and 7o ,J agreeing outside
St° (B, J) and a homeomorphism:

k: N(L'*H f(K)=f(K); moa(d, f(vaK))) — N(L' © f(K)—=f(K); FoalJ, f(vaK)))

taking boundary pairs to boundary pairs. The naturality of the construction is
such that if D, € St° (f~'4; K) then

k(N(L™** U fK—fK; mo,f(yaDy))) = N(L' Y fK—fK; 70, f(yaD;))

and similarly for the boundaries. For in St° (B; f(yaD;)) where the two neighbor-
hoods differ, both are parametrized by the same p: St (B) — A® as before.

Finally, if D;e K—St°(f~'4; K), then  and % are the same on f(yaD;),
L'*1 N f(aD,)=L!' N f(aD,) and k on its domain intersect f(aD,) is the identity.

Thus, if welet (V**1, Vg * 4, {V}* ) =N(L** U fK—fK; o4/, f(yaK),{f(yaD))}))
and (V, V&, {Vi)=N(L'Y fK—fK; 7o(J, f(yaK),{f(vaD,)})), then the k con-
structed as above following the proof of Theorem IIL.8 is the required k;.

Case (2) A ¢ fK. This corresponds to case (1) of Theorem III.8, or more precisely
to case (1) of the proof of Theorem III.6. There it is shown directly, that there
exist deriveds no,J and 7/ (Where oJ=o0,,0,J) agreeing outside of St° (B;J) and
such that:

|N(L!~L* O K moa(J, f(yaK))| = [N(L!+xbA)— L' O fK; 7o, flyaK)))).
As before, naturality of the construction, will imply that for D, € St° (nf ~'4; K),
IN(L'~L* 1 fK; no4f(yaDy)| = |N(L'+xbA)—L' N fK; fef(yaD,))|-

For D;je K—St°(nf"'A4; K) this is clear because L'nN f(aD,)=(L'+xbA)
N f(aD,) and the two subdivisions of f(yaD,) are the same, as f(yaD;) N St° (B, J)
= @ in this case.

Thus, if we let (Vi, V§, {Vi)=N(L'—L' N fK; yo,(J, f(yaK), {f(yaD,)})).

Then, this is also a regular neighborhood of L'+ xb4 mod L' N fK in (J, f(aK),
{faDy)}).

From this stage to the end of the proof of Theorem IIL.6 is a simple little applica-
tion of Corollary I1.15 to push xbA out to Brel L'. This is, of course, the rub
because if we just apply Corollary II.15 as before the resulting homeomorphism
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may mess up the cone structure i.e. it may not map the f(aD;) into themselves.
What we need is the following strengthening of Corollary II.15 to this situation:
Map. There exists a homeomorphism

m: (J, faK), {f(aD,)}) = (J, f(aK), {f(aD,)})

such that m|Li=identity and m(B)=xbA.

Assuming the existence of m, define (V*+%, Vit {(Vi* )=m~Y (Vi VL {V})
and let k'=m|V''*1. Since k' is the restriction of a homeomorphism of the ambient
spaces, it takes boundary into boundary.

Instead of proving Map, we prove the following sharpening of Lemma II.14b
from which Map follows using the proof of Corollary II.15:

MAP’. Let nzJ be a first derived mod B, then there exists a homeomorphism

¢: Lk (4; 15(J, f(vaK))) — (b+x) Lk (B; ns(J, f(yaK)))

such that
1. ¢|b * Lk (B; nzJ)=identity.
2. For DeSt° (nf'4; K)

$(Lk (4; 75/ (yaD))) = (b+x) Lk (B; n5f(yaD)).

Condition 2 is precisely what is required to insure that if m is defined using ¢
as in the proof of Corollary 11.15, m(f(aD,))=f(aD,) for all D; e K. We only have
to worry about D e St° (nf ~'4; K) because m will be the identity on the other
f@aDy)’s.

We prove Map’ in a sequence of claims:

CLAM A. There exists a homeomorphism

$o: Lk (4; m(J, f(vaK))) — (b+x) Lk (B; 7s(J, f(vaK)))

with ¢o|b * Lk (B; npJ)=identity.

Proof. By the assumption of conewise homogeneity, Lemma 3 implies that A4
is a nice face of B in (J, f(yaK)). So we can apply Lemma II.14b.

NotaTiON. For convenience, we will use 4, B and b to denote f~*4, f~'B and
f~1b, also, and allow context to determine whether it lies in the domain or range.
Also, we let nzyaK be the derived mod B (i.e. f~*B) of yaK, such that f: ngyaK
— npf(yaK) is simplicial.

CLAIM B. There exists a homeomorphism

é: Lk (4; ngyaK) — (b+x) Lk (B; nzyaK)

such that:
1. ¢|b * Lk (B; ngyaK)=identity.
2. ¢(Lk (4; ngyaD))=(b+x) Lk (B; ngyaD) for D € St° (n4; K).
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Proof. Let C=nA. Then since 4 €lIntaC and dim A=dim C=dimaC-1,
Lk (4; ngyaC) is two points. One of them is b and call the other x. Then define
é_1(b+x)=>b+x and this defines

é_1: Lk (4; ngyaC) — (b+x) Lk (B; ngyaC).
Let S*=C =« Lk (C; K)® and S~!'=C. We define inductively
.2 Lk (4; 7pyaS’) — (b+x) Lk (B; nzyaS?)

with ¢, the identity on b * Lk (B; nzyaS?) and satisfying 2 for any D e St° (C; S,
i.e. for any D of dimension<dim C+i+1.

As we have defined ¢ _, above, we will assume that §;_, is defined and construct
&, to extend it.

Let De S'—S%"1, i.e. D=CE with dim E=i. We want to define

é.: Lk (4; ngyaD) — (b+x) Lk (B; ngyaD)

to extend the identity on b Lk (B; ngyaD) and ¢,_; on Lk (4; ngya * CE). Doing
this for each E € Lk (C, K)®—Lk (C; K)®~Y defines the required ;.

Let j=dim A=dim C, then ngzyaC * (E, E) is an i+j+2 ball-and-face pair.
A and B are interior j and j+1 simplices of 7zyaCE. So Lk (4; ngzyaC * (E, E))
and (b +x) Lk (B; npyaC(E, E)) are i+ 1 ball-and-boundary pairs.

On the other hand, b Lk (B; n5yaCE) is an i+ 1 ball contained in each of these
and meeting each boundary in b Lk (B; nzyaCE), a face.

Hence, by the Alexander-Newman theorem, we can define ¢; on Lk (4; 5zyaCE)
to extend ¢;_, +identity on Lk (4; nzyaCE)+b Lk (B; zyaCE).

This defines ¢; by induction and we define §=4, for i=dim Lk (C; K).

CLAIM C. ¢,f$~*|x Lk (B; ngyaK) is CH, where

$of$1: x Lk (B; npyaK) — (b+x) Lk (B; nJ).
Proof. Since the definition of conewise homogeneity is an invariant under
homeomorphism of the range, it suffices to show that
Jé71: x Lk (B; nsyaK) — Lk (4; 15J)
is CH. If y € x Lk (B; nzyaK) then

d(f3=1(y); Lk (4; 1sJ), f$~'x Lk (B; npvaK)) = d(f$~1(»); Lk (4; ns(J; yaK)))
= d(f$7'(»); J, f(aK))—dim 4—1

with the last equality from Lemma II.19.

Thus, it suffices to show that d(f¢~*(»); J, f(aK)) is constant as y varies along
a cone-line: {tx+(1—1)y, : 0<t<1} with y, € Lk (B; ngyak).

There is a unique D e St° (C; K) with y, eIntaD. Let D=CE and y=tx+
(1=12)y, with O<t<1. Then by condition 2 on ¢, ¢-'(y) € Lk (4; nzyaCE)
—Lk (4; ngyaCE). From this it follows that § ~%(y) € aD —aD=aCE—aCE—aCE,
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and since A is an interior simplex, Lk (4; nzyaK) N K contains at most b and so
é-Y(y)elIntaD.

Thus, for all 0<t<1, §Y(tx+(1—1)y,) e IntaD, so the result follows from
Lemma 3.

MAP’. The required ¢ exists.

Proof. ¢,/$-* on b * Lk (B; nzyaK) is just b = f|Lk (B) and hence has the image
b x Lk (B; 75f(yaK)). So ¢,/ maps the pair (x * Lk (B; ngzyaK), Lk (B; nzyaK))
homeomorphically onto (x * Lk (B; nzfyaK), Lk (B; nzfyaK)), and by C, it is
CH regarded as an embedding into (b+ x) Lk (B; nzJ).

Clearly, x * Lk (B; ngJ) is a regular neighborhood of

x Lk (B; npfraK) mod Lk (B; 05 frakK)

in (b+x) Lk (B; ngJ), with boundary Lk (B; ngJ).
By an inductive application of Theorem 4, there exists a homeomorphism

h: x * Lk (B; ngJ) = x * Lk (B; nJ)

rel Lk (B; ngJ) such that, hd, /@1 =x x (f|Lk (B; ngyakK)).
Extend 4 over b x Lk (B; nzJ) by the identity and call the extension h,.
Define ¢ =h,é,.
Clearly, ¢|b * Lk (B; npJ) is the identity

h(x * Lk (B; ngfyaK)) = x * Lk (B; ngfyaK)

and so ¢(Lk (4; 15 fyakK))=(b+x) Lk (B; 75 frakK).
Finally, é-(f|Lk (4))=((b+x) * (f|Lk (B)))-¢ and hence for D € St° (C; K):

$(Lk (4; npfraD)) = ¢f(Lk (4; ngyaD)) = ((b+x) * f)(b+x) * Lk (B; ngyaD)
= (b+x) * Lk (B; ngfyaD).

Thus, ¢ is the required homeomorphism.

This completes the proof of Map’ and hence the theorem.

From Theorem 4, we obtain several corollaries about unknotting cone pairs.

Call an embedding f: aX — bY a proper embedding if f~1(Y)=X.

DEFINITION 5. We call a proper embedding f: aX — bY unknotted if there
exists a homeomorphism h: bY — bY rel Y such that hf=f=cone f|X.

COROLLARY 6. Let f: aX — bY be a proper embedding, then f is unknotted iff
1. fis conewise homogenous, and
2. (YY) N f(aX)inbY.

Proof. Lemma 2 implies that 1 is necessary and if f is unknotted then the pair
(bY, f(aX))=b * (Y, f(X)) and the conewise collapse of bY to bf(X) is rel ¥ and
weakly homogenous in Y and induces under the homeomorphism a similar
collapse to f(aX).



1969] THE THEORY OF POLYHEDRA 447

Since bY is a regular neighborhood of 5Y mod Y in Y, Theorem II1.8 implies
that there exists a homeomorphism

k:(bY, Y)—(V, V)

rel f(aX), where V is a regular neighborhood of f(aX) mod f(X) in bY.
By Theorem 4, there is a homeomorphism h,: ¥ — bV rel V such that h, f=f.
Let h=(b = (k| Y)~Y)h,k.

COROLLARY 7. Let f:aX — bY be a proper embedding with (bY, f(aX)) locally
unknotted at every point of f(aX)—f(X). Then f is unknotted iff (bY|Y| ,\ flaX)
inbY.

Proof. Since the local unknottedness condition implies fis CH, this is clear from
Corollary 6.

COROLLARY 8. Let a(X, X,) be a cone pair and h: aX, — aX, a homeomorphism
rel X,. Then h can be covered by a homeomorphism H: aX — aX rel X, iff regarded
as an embedding of aX, — aX, h is conewise homogenous.

Proof. h=inclusion aX,<aX so H: aX — aX rel X extends A iff H ! unknots
the embedding h: aX, — aX. Since (aX|X),\ aX, in aX, h unknots iff it is
conewise homogenous by Corollary 6.

REMARKS. If f,=f,: aX — bY are proper unknotted embeddings with fo| X =f,| X
then f, is ambient isotopic to f; rel Y. For if Ay, h,: bY — bY rel Y unknot the
two embeddings, then hohi ! is ambient isotopic to the identity rel Y.

Note that if ficXo~cXyrel Xo U c(Xo N Y), where X,, Y<JX, is conewise
homogenous, regarded as an embedding of cX, into cX, then so is f'U identity:
c(Xo U Y)=cX, U cY—cX, U cY, which gives a relative form of Corollary 8.

V. Codimension three unknotting criteria. In this section we apply the sunny
collapsing lemma of Stallings-Zeeman-Lickorish-Hudson to obtain much stronger
theorems on unknotting cones in what may be called the codimension = 3 situation.

DEFINITION 1. A pair (X, X,) is called a codimension 23 pair if it satisfies the
condition, for all i

dim X, N I'(X) = i-3.

This notion is singled out because we will repeatedly use the fact that it is
inductive, i.e.

LeEMMA 2. Let (K, K;) be a codimension =3 pair of complexes and A € K,. Then
the pair Lk (A4; K, K,) is a codimension =3 pair.

Proof. Let dim A=j. By Corollary 11.18

Lk (4; Ko) N I'(Lk (4; K)) = Lk (4; Ko) 0 Lk (4; I'*7+1(K))
= Lk (4; Ko N I'*1+Y(K)).
dim Ko N I+ Y(K) < (i4+j+1)=3.



448 ETHAN AKIN [September

So dim Lk (4; Ko N 'V *YK) S (i+j+1-3)—(+1)=i-3.
We will also need the following technical remark, which we will dignify as a
lemma because we use it repeatedly:

LeMMA 3. Consider a pair (X, X,) and an embedding g: (vo+v;) Xy — (vo+0v1) X
such that

1. glve * X, is the inclusion.

2. glv, * Xo maps vy, * X, into v, * X and is a proper unknotted embedding of
cones.

Then there exists G: (vo+v,) X — (vo+vy) X rel v * X such that Gg=inclusion.

Proof. If H: v, * X — v, * X unknots g|v, * X, then let G=H on v, * X and
identify on v, * X.
Now we state the main theorem of this section:

THEOREM 4. Let (X, X,) be a compact codimension =3 pair and f: aXy — aX
a proper embedding with f|X,=inclusion. Assume that for all i, f~*(al'(X))=
a * (X, N I'(X)) and f(a) € a * S(X). Then the embedding is unknotted.

ReEMARKS. The fact that X, < X is a merely formal restriction for convenience.
To apply this theorem to a proper embedding f: aX, — aX, just identify X, with
fX, by fand f with f-a * (f| X,) .

The assumption f(a) € a * S(X) can be included in the first assumption if we
recall our convention that 7 ~(X)={0} if X is not a suspension and assume that
ax (X, N I'(X))=aif X, and I'(X) are disjoint.

We begin by examining the condition put on the embedding:

LEMMA 5. Let f:aX,—aX be a proper embedding. Then the following are
equivalent:

a. f~YaxI'(X))=a* (f| Xo) " *(I'(X)) and f(a) € a * S(X).

b. For all x € aXy— X,, d(f(x); aX)=d(f(x); aX).

c. For all x € aXo— X,, f(x)~f(x) in aX.

d. d(a; aX)=d(f(a); aX) and if x=ta+ (1 —1t)x,, with0<t<1 and x, € X,, then
d(f(x); aX)=d(f(x,); X)+1.

Note that if f| X, is an inclusion, then f is an inclusion.

Proof. a —c. If x=a, this is clear. If x € aX,— (X, U a) then x=ta+(1—1)x;
for x, € X, and O<z<1. Let xx; be the path along this cone line from x to x;.
If x € a * (f]| Xo) " *(I'(X)—I'~*(X)), then f(XX,) +f(*x: ) (addition and inverse of
paths) is a path joining f(x) to f(x) in al*(X)—al*-*(X) which is an i manifold
with boundary I'—17I'~. The path meets the boundary at one point f(x;) and so
can be pushed off the boundary rel the end points by local collaring.

¢ —b. Clear.

b—a. f~Y(a* I'y=a * (f]| X,) (') and b implies the left side equals f ~(a * I*).
Explicitly at the vertex we have d(f(a); X)=d(a; X)=dim S(X)+1. Points of
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aX—(aS(X) U X) have higher intrinsic dimension and so since f(a) ¢ X (fis a
proper embedding) f(a) € aS(X).

b=d. d(f(x); aX)=d(f(x1); X)+1.

Now we begin the proof of Theorem 4. There are essentially two parts to the
proof. There is a collapsing statement proved using the sunny collapsing lemma,
and then an inductive argument.

LEMMA 6. Let (X, X,) and f: aX, — aX satisfy the hypothesis of Theorem 4 and
in addition, assume that (X, X,)<(aX, flaX,)) is locally collared. Then (aX|X)
wN flaXy) in aX.

Proof. The local collaring assumption implies that there is a homeomorphism
h: (aX, f(aXo)) — (aX, f(aXo)) Yx.xp (XX I, Xox I)

such that A(x)=(x, 1) for x € X (see Theorem IV.2).
So it suffices to show that

(@X U XxI|Xx1),N flaXe) U XoxI inaX U XxI
We begin by the obvious cylindrical collapse:
(aX U XxI|Xx1),N aXVU XoxI inaXu XxI

given by (Xx7|Xx1)N Xx0U XoxIin Xx1.
So now, by excision, it suffices to show that aX ,\ f(aX,) inaX U X x I. So we
will prove

al'(X) x f(a * (Xo 0 I(X))) U al'*=1(X).

Since al'(X)=aX N I'*Y(aX U XxI) and flaX,) N al'(X)=f(a(X, N I'(X)))
by hypothesis, Lemma III.10 will then imply that aX ,\ f(aX,) inaX U Xx I.
To prove al' ™ f(a(X, N IY)) U al'~?!, we will require two sublemmas:

SUBLEMMA A (SUNNY COLLAPSING). Let Xo< X <M with M a compact manifold.
Assume M ™\ Xy, X 1 X, and dim M —dim X— X,=3. Then M\ X.

Proof. See [H; Theorem 5.2].

SUBLEMMA B (MARSHALL COHEN). Let X \ X, and V, be a regular neighborhood
of Xy in X. Then X\ Vo and X—Int V, \ V.

Proof. By uniqueness of regular neighborhoods it suffices to prove it for any V,,.
So triangulate with K, full to obtain K \* Kj and let V= N(K,; 7K). It suffices to
prove C(Ky; 1K) N(Ky; nK).

If the simplicial collapse K \* K, is given by removing pairs of simplices:
(4n, By), ..., (4o, By) with A4;<B;, then a geometrical collapse C(K,;7K)
N(Ky; nK) is given by removing ball pairs: (4,, B,), ..., (4o, B,) defined by
A;=C(4; N Ko; n4,) and Bt=C(Bi N Ko; nBy).
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To prove al* ™\ f(a(X, N I')) U al'~*: By collapsing conewise al' ™\ al'~1, or
in the lowest dimensional case aS(X) \ f(a).

Also, by hypothesis f(a(X, N IY)) N al'~*=f(a(X, N I'~1)). Hence, by excision,
fla(Xo N IY) U ali~* \ al*~1, or in the lowest dimensional case, f(a(X, N S(X)))
N f(a). Let Q=al' or aS(X), F=f(a(X, N I)) U al‘~* or f(a(X, N S(X))) and
Fy=al'"1, or f(a). Then O\ Fy and Fx F, and we wish to show that Q \ F,
Note that (Q, F,) is a relative manifold and the codimension =3 assumption states
precisely that F— F, has codimension at least 3 in Q — F,.

Let (V, V) be a regular neighborhood of F, in (Q, F). Let 0= Q—1Int ¥ and
F=(F-Int V) U V and F,=V. By Sublemma B, 0 \\ F, and by Sublemma B
and excision F ™\ F,. Now Q is a compact manifold and F— F,< F— F, has co-
dimension at least three so sunny collapsing implies that O  F. So by excision
ON FUV.

Now by [C; Proposition 7.10], ¥ is a regular neighborhood of ¥, mod ¥, in Q
so ¥\ ¥V, and hence by excision FU V '\ F.

Thus, Q x FU VX F, as required, and we have for all i

al'x fla(Xo N IY)) U ali~?,

Proof of Theorem 4. We assume inductively that the theorem is true for dim X <n
and prove it for dim X'=n. The proof'is in two parts: CH: fis conewise homogenous
and LC: (X, Xo)<(aX, f(aX,)) is locally collared. Lemma 6 and Corollary IV.6
then imply that f is unknotted.

Triangulate to obtain f:yaK,— BaK a conical simplicial embedding with
BK=K. f|K,=inclusion of K, into K. Let i:aK,— aK be inclusion =f. Our
assumptions are: (K, K,) is a codimension = 3 situation and

S Hal'(K)) = a(I'(K) N Ko).

CH: f'is conewise homogenous.

Proof. By Lemma IV.3 it suffices to consider 4 and B=5b4 such that f~14 is a
horizontal simplex and f~'B is a vertical simplex above or below it, both in
yaK,—(a U K,), and prove that 4 is a nice face of B in (BaK, f(yaK,)). We shall do
this by showing that the link pair of A4 is a suspension of the link pair of B. This
we shall do in a sequence of claims.

NoOTATION. Let ngyaK, and ngBaK be deriveds mod f~!B and B respectively
such that f: ngyaK, — ngPakK is simplicial.

Also, let C=nf"'A=uf"'BeK,.

CLAIM A. There exists a homeomorphism

Y: Lk (A4; ngBaK) — (b+x) Lk (B; ngfaK) rel b * Lk (B; nzfak).

Proof. By Lemma 5, f(a)~i(a)~i(b)~f(b) in aK where a and b are interior
points of f~*A4 and f~!B respectively. Hence, A4 is a nice face of B in aK and the
claim comes from Lemma I1.14b.
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CLAM B. There exists a homeomorphism
¢: Lk (4; 75 f(vaKo)) > (b+x) Lk (B; 75f(vaKo))
rel b * Lk (B; n5f(vaKy)) and such that if D € St° (C; K,) then
$(Lk (4; n5f(yaD))) = (b+x) Lk (B; nzf(yaD)).

Proof. This is essentially Claim B of the proof of Theorem IV 4. If ¢ is defined
as it is there then ¢=((b+x) * f)gf ~*.

CLamM C. ¢ ~1|x Lk (B; n5f(yaK,)) satisfies the hypotheses of Theorem 4,
regarded as embedding

x Lk (B; 15f(yaKyo)) — x Lk (B; nsBak).

Proof. First, we show that Lk (B; nzBaK, n5f(yaK,)) is a codimension =3 pair.
As in Lemma 2, we have

Lk (B; nsf(yaKo)) N I'(Lk (B; nsaK)) = Lk (B; nsf(yaKo) N I'*7**(ngBaK)).
Since B ¢ K,, this equals, in turn
Lk (B; Cl (n5f(yaKo) N I'*?*}(n5aK) - K)).

So it suffices to know that dim f(aK,) N I'*/*}(aK)—K=(i+j+1)—3. But
flaKo) NI+ Y(aK)— K=f(aK,) N al**/(K)— K and by hypothesis on f this is
f(a(K, N I'*¥(K))) which has dimension <i+j—2 as required.

Next, if y € x Lk (B; n5f(yaK,))— Lk (B; 75 f(yaK,)) we invoke Lemma 5 and
prove

d($$~(»); x Lk (B; nzpaK)) = d(y; x Lk (B; nzpaK)).
These equal, respectively, the intrinsic dimension of ¢ ~(») and y in
(b+x) Lk (B; npPaK).
If y does not equal x, then y=tx+(1—1)y, with 0<z<1 and

¥1 € Lk (B; 15 f(yaKy)).

Clearly y~y; in (b+x) Lk (B; n5BaK).
There exists a unique D e St°(C; K,) with y; € Int Lk (B; nzf(yaD)), and
y1€lIntaD. Since ye x Lk (B; n5f(yaD))—x Lk (B; n5f(vaD)), it follows that

é~1(y) € Int f(aD).
Hence, d(y,; aK)=d(¢~'(y); aK) and hence by Lemma II.19,
d(y1; Lk (4; npfaK)) = d(¢~1(y); Lk (4; nsPak)).
So
d($$~(»); (b+x) Lk (B; ngPaK)) = d(y1; (b+x) Lk (B; 15BaK)),

which completes the proof when y# x since y,~ .
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As for x, ¢ ~Y(x) € Lk (4; 95f(yaC)) which consists of b and this point. At any
rate A4 is a nice face of A¢~(x) in nzBaK since they are both interior to 7z f(yaC).
Hence, ¢~(x) € S(Lk (4; nzPaK)) and so

¥~ 1(x) € S((b+x) Lk (B; 75BaK)) = (b+x)S(Lk (B, nsPaK)).

So ¥ ~1(x) € xS(Lk (B; ngBak)).
CraM D. Lk (4; 15(BaK, f(yaKo)))= Z Lk (B; ns(BaK, f(yaKy))).
Proof. Consider the embedding:

Yé~*: (b+x) Lk (B; 15/ (yako)) — (b+x) Lk (B; 7pBaK).

By Claim C and an application of the inductive assumption on Theorem 4, this
embedding satisfies the requirements of Lemma 3. Thus,

((6+x) Lk (B; 15BaK), $¢~*(b +x) Lk (B; nzf(vaKy)))
= (b+x) Lk (B; nsPak, 15/ (BaKo)),
and the first pair is homeomorphic, by ¢ to
Lk (4; ngPaK, nf(vaKo)),

which proves Claim D and hence completes the proof of CH.

LC: (K, K,)<(aK, f(aKy)) is locally collared.

Proof. Given a point y of K, we have to show that Lk (y; akK, f(aKy))=
¢ Lk (y; K, K,). Clearly, by going to a subdivision if necessary, we can assume that
y=vis a vertex of K.

NoOTATION. Let nyaK, and nBaK be deriveds such that f:nyaK, — nBfaK is
simplicial.

CLAIM A. There exists a homeomorphism

¢: Lk (v; nBaK) — x Lk (v; 9K) rel Lk (v; 9K).

Proof. This is because K<aK is locally collared.
CLAM B. There exists a homeomorphism

é: Lk (v; nf(yaK,)) — x Lk (v; nKo) rel Lk (v; 1K)
and such that if D e St° (v; Kj):
$(Lk (o5 7/aD)) = x Lk (v; 7 D).
Proof. Pseudo-radial projection gives a homeomorphism
é: Lk (v; nyaK,) — Lk (v; aKy) = a Lk (v; Ko)
such that for D € St° (v; Kj):
é(Lk (v; nyaD)) = Lk (v; aD).
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So let ¢=(x * f|Lk (v; myaKo))(x * $|Lk (v; Ko)) ~'¢f .

CLamm C. ¢ 1 satisfies the hypotheses of Theorem 4.

Proof. Lk (v; 7K, 7Kj) is a codimension =3 pair by Lemma 2.

Now we check the intrinsic skeleton condition.

First, on the vertex x. d(d~1(x); x Lk (v; 9K))=d(¢~(x); Lk (v; nBaK))
=d(¢~1(x); aK)—1 by Corollary II.19. Now by Claim B, ¢~!(x)=Lk (v; nf(yav))
and so ¢~ Y(x)=f(ta+(1—1)v) for some 0<r<1. Hence, by Lemma 5d applied to
f, d(é~*(x); aK)=d(v; K)+1. Note that d(v; K) clearly equals d(x; x Lk (v; 9K)).
So we have

d(p$~(x); x Lk (v; nK)) = d(x; x Lk (v; nK)).
Now let y=1x+(1—1)y, with 0<t<1 and y, € Lk (v; nK,). We will show that

d@é~1(»); x Lk (v; nK)) = d(y;; Lk (v; 7K))+1.

By Corollary I1.19 again, it suffices to show

d(¢='(»); aK) = d(y,; K)+1.

However, if y, € Int Lk (v; 7D) for D e St° (v; K,) then by Claim B, ¢~ (»)
€ Int f(aD). But by Lemma 5b d(¢~2(»); aK)=d(f ¢ ~1(y); aK). Since f "¢~ 1(y)
€Int aD, clearly d(f~¢~1(y); aK)=d(y,; K)+1.

Thus, ¢! satisfies the hypotheses of Theorem 4, by Lemma 5d.

CLamM D. Lk (v; nBaK, nf(yaK,))= ¢ Lk (v; K, 1Ko).

Proof. Let A: x Lk (v; nK) — x Lk (v; 9K) rel Lk (v; pK) unknot ¢¢~, by an
inductive application of Theorem 4. Then hy|Lk (v; nf(yaK,))=4¢ and so h is
the required homeomorphism of pairs.

This completes the proof of LC and hence completes the induction for Theorem 4.

The most important corollaries of Theorem 4 are local unknottedness criteria
in the codimension = 3 situation.

DEerINITION 7. We will say that a complex pair (K, K,) preserves intrinsic skeleta
if it satisfies the following equivalent conditions:

a. For x, y € Ky, x~y in K, implies x~y in K.

b. For A <Bin K, then 4 is a nice face of Bin K, implies 4 is a nice face of B
in K.

c. For A4 a simplex of K, S(Lk (4; K,))=S(Lk (4; K)).

Proof of equivalence. a = b because x~y in K, implies there exists a sequence
Ao, ..., A, with x e Int 4y, y € Int 4, and 4, a nice face of 4;,, or 4;,; a nice
face of A, for each i.

b < ¢ by Corollary II.17a.

REeMARK. Part a of the above definition is obviously p.l. invariant. So we will
say a polyhedral pair (X, X,) preserves intrinsic skeleta if any triangulation of
(X, X,) does.
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THEOREM 8. Let (X, X,) be a codimension 23 pair. If (X, X,) preserves intrinsic
skeleta, then (X, X,) is locally unknotted.

Note that preserving intrinsic skeleta is much weaker, in general, than local
unknottedness. See Theorem I1.23. In particular, if Xisa manifold and X, < X—0X,
then (X, X,) clearly preserves intrinsic skeleta.

Proof. Let (K, K,) triangulate the pair (X, X,). To show that (X, X,) is locally
unknotted it suffices, by Theorem I1.23, to show that A4 is a nice face of B in K,
implies A4 is a nice face of B in (K, K,). Clearly, it suffices to show this where
dim B=dim 4 +1, i.e. B=bA. So we will show that in this case

Lk (4; K, Ko) ~ = Lk (B; K, Ko).

Since (K, K,) preserves intrinsic skeleta, 4 is a nice face of B in K. Hence, by
Lemma II1.14b, there exist, for 75K a derived mod B, homeomorphisms

é: Lk (4; 75K,) — (b+x) Lk (B; 75K,) rel b Lk (B; 15Ko).
$: Lk (4; 95K) — (b+x) Lk (B; 35K) rel b Lk (B; 7zK).
By Lemma 3, it suffices to prove that ¢! is an unknotted embedding. To do
this it suffices to show that ¢~ satisfies the hypotheses of Theorem 4, embedding
Lk (B; n5(K, K,)) is a codimension =3 pair by Lemma 2.
Lk (4; n5(K, K,)) preserves intrinsic skeleta by Corollary II.12b. Hence, so does

((b+x) Lk (B; 1K), ¢~ (b +x) Lk (B; 15Ko))-
é~(x) € S(Lk (A4; 75Ko)) = S(Lk (4; 75K)) by part ¢ of Definition 7. Hence,

¥~ (x) € S((b+x) Lk (B; 15K)) N x Lk (B; 75K) = xS(Lk (B; 15K)).

Finally, if y=tx+(1—¢)y, with 0<z<1 and y, € Lk (B; 7zK,). Then, clearly,
y~y, in (b+x) Lk (B; 75K) and in (b+ x) Lk (B; 15K,). The latter implies that
Yoy~ 1y, =y, in ¢ ~}(b+x) Lk (B; 75K,) and since the pair

((6+x) Lk (B; 75K), $¢ (b + x) Lk (B; 75K0))
preserves intrinsic skeleta, it follows that ¥ ~1y~y, in (b+x) Lk (B; nK). Hence
d(y; x Lk (B; n5K)) = d(y; (b+x) Lk (B; n3K))
= d(y¢~'(»); (b+x) Lk (B; 75K))
= d(¥¢1(»); x Lk (B; 7K)).

Thus, by Lemma 5, ¢ ~* satisfies the hypotheses of Theorem 4 and the proof is

complete.
As immediate corollaries we have the Lickorish unknotting theorems [L]:

COROLLARY 9. a. Let f: aX —> aS be a proper embedding of a cone into a ball
with dim X <dim S—3, then f is unknotted.
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b. Let (X, X,) be a polyhedral pair with X a manifold without boundary and
dim X, =dim X—3, then (X, X,) is locally unknotted.

Proof. a follows from Theorem 4 and b from Theorem 8.

VI. Covering isotopies. The Hudson-Zeeman approach to covering isotopies,
which we generalize, is based on a close examination of collaring phenomena.
So we begin with a theorem listing equivalents of collaring for pairs.

DEFINITION 1. An inclusion (X, X,) <(Y, Y,) of polyhedral pairs is called collared
if there exists an embedding A: (X, X,)xI — (Y, Y,) with h=1Y,= X, x I, hy=the
inclusion X — Y and H(X x I) is a neighborhood of X in Y.

The inclusion is called locally collared if for each point x € X, there is a neigh-
borhood N of x in Y such that (N N X, N N X,)<(N, N N Y,) is collared and for
each point x € X— X, there is a neighborhood N of x in Y such that Nn X< N
is collared.

The following theorem is a straightforward generalization to pairs of [C;
Proposition 4.2].

Note that the equivalence of a and d was used in the proof of Theorem V.4.

THEOREM 2. For an inclusion of complex pairs: i:(K, Ky)<(J,J,) with Ko=
Jo N K, and K full in J, the following are equivalent:
a. There exists a homeomorphism

h: (J, Jo) Y (K, Ko)x I —(J, Jo)

(where in the union x € K is identified with (x, 0) € K x I) such that h,: K — J is the
inclusion.

b. i is collared.

c. iis locally collared.

d. For x € K,, Lk (x;J,Jo)~c Lk (x; K, Ky) rel Lk (x; K) and for x e K—K,,
Lk (x; J)~c Lk (x; K) rel Lk (x; K).

e. For AeK,, Lk(4;J,J5)~c Lk (4; K, K,) rel Lk (4; K) and for A€ K—K,,
Lk (4;J)~c Lk (4; K) rel Lk (4; K).

f. Let 7J be a derived of J and for A€ K let C(4;J)=N(D(A; K); D(4; J))
=C(D(4; K); D(4;J)) and C(A4;J)=N(D(4; K); D(4;J)) and similarly for
A € K, define C(4;J,) and C(A;J,). By convention, for A€ K—K,, let C(4;J,)
=C(4;J)=2.

Then there exists a homeomorphism

g: N(K; 7(J, Jp)) = (K, Ko)x I rel K
and such that:

1. g(D(A4;J,Jy))=D(A4; K, Ky)x I for A€ K.

2. g(C(4;J,J0))=D(A; K, Ky)x 1 for AeK.

Proof. a—>b—>c—d are clear. d —>¢ is a straightforward restatement of
Cohen’s argument in the proof of [C; Proposition 4.2] for pairs. f — a is simply a
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matter of pulling the external collar into (J, Jy) by shrinking the internal collar
given by f.

The proof that e — f is also an easy restatement of the corresponding portion of
[C; Proposition 4.2] for pairs, but because its argument is crucial to our later proofs,
we will outline it.

The first step is to obtain for each 4 € K a homeomorphism

ba: C(A;J,Jo) — cC(A; J, o) rel C(4;J).
Using the canonical isomorphism

which takes, by naturality, D(4; K, K,) — 7 Lk (4; K, K,), we get from e a homeo-
morphism D(4;J, Jo))~cD(4; K, K,) which takes N(D(4; K); D(4;J,J,)) to a
regular neighborhood of D(4; K, K,) in its cone pair. Uniqueness of regular
neighborhoods and their complements gives the homeomorphism ¢,, exhibiting
C(A;J, J,) as the cone on C(4;J, J,), the boundary pair.

We decompose N(K;2J,nJy) in a “complex” of cone pairs indexed by the
simplices of K, namely:

N(K; 0], nJo) = \U{D(4;J,J5):Ae K} U \U{C(4;J,Jo): A€ K}
with D(4;J, Jo)=n(A) * D(A;J,J,) and C(A4;J, Jo)~cC(4;J,J,). Furthermore,
D(A;J, 1) = \U{D(B;J,Jo) = A < BeK} U C(4;J,J,)
and
C(A4;J,J) = U{C(B;J,Jo) : A < BEK]}.

Furthermore, distinct cone-pairs intersect in the intersection of the base pairs.
Similarly, we can decompose

(K, Ko)x I = U{D(; K, Ko)xI: Aec K} U U{D(4; K, Ko)x1 : A€ K}.

D(4; K, Ko) x 1 =(n(A), 1) * D(4; K, K,) x 1 and by the Alexander trick there is an
isomorphism D(4; K, K;) x I=(7(A), 0) * (D(4; K, Ko) x 1 U D(4; K, K,) x 1) which
is the identity mapping D(4; K, K,) x 0 to (7(A4), 0) * D(4; K, K;) 0.

We associate the “complexes’ by a map y: y(D(4; J, Jo))= D(4; K, K,) x I and
y(C(4;J,Jo))=D(4; K, K;)x 1. y clearly preserves incidences and so we can
construct a homeomorphism, g, of polyhedral pairs which is carried by y and
extends the identity mapping (K, K,) — (K, K,) x0. Just go by induction up an
ordering of the cone pairs of the domain by increasing dimension and at each stage
extend g by coning.

We now prove the key lemma, sharpening Theorem 2, and crucial to the covering
isotopy theorem.
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LEMMA 3. Let F: XxI— YxI be an embedding with F~'(Yx0)=Xx0 and
satisfying:

a. (Yx0, F(Xx0)<(YxI, F(Xx1)) is locally collared.

b. For every x € X, d(F(x, t); Yx I, F(X x I)) is constant for 0<t<1.

Then there exists a regular neighborhood V(X) of X in X x I, regular neighborhoods
V(Y)and V(YY) of Y in Y x I, and collaring homeomorphisms g: X xI — V(X) rel X
=Xx0, G: YxI—W(Y) and Go: YxI— V(Y)rel Y=Yx0 such that the

Sfollowing diagram commutes:

YxI
Fox1 lG
/F> YxI

XxI 5} XxI
FoxI YxI
Fo)([ TGO
YxI

Note. The importance of this lemma is to collar F(X'x 1) and Fo(X)xIin Y x I
and induce the same collaring of X x I.

Proof. By identifying X with Fo(X) by F, and identifying F: X x [ — Y x I with
F-(FoxI)™': Fy(X)x I — Y x I, we can assume that X < Y and F, is the inclusion.
Then by triangulating and subdividing to make the diagram simplicial,

proj inc Fuinc
Yx0 YxI XxIVU YxX0—— YxI

we obtain the simplicial situation of a complex pair (J, K) and a simplicial map
F: a(Kx I) — B(J x I) with «(K x I) a subcomplex of a(J x I') which is a cylindrical
subdivision. Furthermore, we can assume «(Kx0)=Kx0=K and «(Jx0)=Jx0
=pB(J x 0)=J. Our assumptions on F become

1. (Jx0, Kx0)<(Jx I, F(Kx1I)) is locally collared.

2. For xe K, d(F(x,t);JxI, F(Kx1I)) is constant for 0<t<1. This clearly
implies, since «(K x I) is cylindrical with «(K x0)=Kx0, that for 4 € K, d(F(y);
Jx I, F(Kx 1)) is constant for y € Int 4 x I.

Now let (V(J), V(K))=N(Jx0;nB(JxI), nf(e«(Kx1))) and (Vo(J), Vo(K))
=N(Ix0; na(J x I), ne( K x I)) where n8Jx I and naJx I are deriveds chosen so
that F: naK x I — nBJ x I is simplicial.

Following Theorem 2f we will construct homeomorphisms G: (J, K)xI—
V(J), (K)) and Gy: (J, K)xI— (Vo(J), Vo(K)) rel J=Jx0, and such that
G|K x I=F(Go|K % I). If we then define g=G,|K x I we will be done. :
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We decompose (Vo(J), Vo(K)) into a cone pair complex, as in the proof of
Theorem 2, consisting of pairs

{CA;aJxI,aKxI): AeJ} and {D(A;oeJxI,aKxI): Ael}.
Similarly, decompose (V(J), (K)) into {C(A4;BJxI, F(«KxI)): A€eJ} and
{D(A4; BIxI, F(aKx1I)): AeJ} and (J, K)xI into {D(4;J, K)x1: AeJ} and
{D(A;J, K)xI: AelJ}.

We first reduce the proof to the following technical assertion:

ASSERTION. For A € K there exist homeomorphisms

#%: C(A; o x I, aKx 1) — cC(A; aJ x I, aK x I) rel C,
ba: C(A; BIx I, FaK x I)) — cC(A; BJ x I, F(aK x I)) rel C,
such that (¢ * F(¢3|C(4; aK x I))=($4|C(4; F(«K x I)))F.
Note that since the dual cells are defined in terms of #8Jx I and naJx I and
F: naK x I — nfJ x I is simplicial, the restriction of F maps
(C(4; K xI), C(A4; oK x I))
to (C(4; F(aK x I)), C(4; F(aK x I))) by a simplicial isomorphism.
Now for A € J— K there exist homeomorphisms
$%: C(4; 0 xI) — cC(4; o x ) rel C,
$a: C(A; BIx 1) — cC(A4; BIxI) rel C.

Define G: (J, K) xI— (V(J), V(K)) and G,: (J, K) x I — (Vo(J), Vo(K)) to be
carried respectively by y and y,, where y(D(4;J, K)x I)=D(A; BJ x I, F(aK x I))
and yo(D(4;J, K)yxI)=D(A; eJ x I, K xI);

wWD(A;J, K)x 1) = C(4; BJ x I, F(aK x I))
and
yo(D(A;J, K)x 1) = C(4; aJ x I, <K X I).

Using ¢, and ¢4 we define the conical extensions over the C(A4)’s.

Thus, if G: D(A4;J, K)x1— C(4; BIxI, FeKx1I)) and G,: D(4;J, K)x 1
— C(A4; «J x I, «K x I') are defined so that G=FG, on the intersection with Kx I
then define G and G, on D(4;J, K)x1 by ¢7%(cG) and ¢4 ’(cG,) respectively.
Since Fon D(A; J, K) x 1 is the cone of F on D(4; J, K), we have, on D(4; K)x 1,

FGO = Ftﬁg_lCGo = (ﬁ;lCFCGo,
$1'c(FG,) = ¢1'cG = G.
If G: D(4;J, K)x1VU D(4;J, K)x 1 — D(4; BJx I, F(aK x I)) and
Go: D(A;J, K)xTU D(4;J, K)x1— D(4; e x I, eK x I)

are defined so that G=FG,, then the extension by coning using the Alexander
trick also satisfies G=FG, on Kx I.
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Thus, the proof is reduced to the assertion that the compatible ¢, and ¢9 for
A € K exist.

CLAIM A. There exists a homeomorphism @: Lk (4; «JxI)—c Lk (4;J)
rel Lk (A4; J) such that for Be Lk (4;J), $(Lk (4; «(A4 * B)x I))=cB.

Proof. As in the proof of Claim B of the proof of Theorem IV.4, we define
St=A4 %Lk (4;J)® and define y': Lk (4; «S*xI) - ¢ Lk (4; J)®. Starting with
i=—1,8"*=4, Lk (4; oS~ ! x I)=one point which is mapped to c.

Assume ' =1 is defined and, for B and i-simplex of Lk (4; J), define

Y': Lk (4; «(A * ByxI)—>cB

to extend the identity on B and ¢'~! mapping Lk (4; (4 * B) x I) — cB. This is
just a question of extending a homeomorphism of the boundaries of two balls to
the balls.

The induction completed, let y=4' for i=dim Lk (4; J).

CLAIM B. There exists a homeomorphism ¢°: C(4; aJ x I) — c¢C(A; aJ x I) rel C
such that, for DeSt°(4;J), $°C(4; aDxI)=cC(A;e«DxI). In particular,
#°C(4; aKx I)=cC(A4; K x I).

Proof. Using ¢ as defined in Claim A, and using the canonical isomorphism
j: D(A; aJxI) —n Lk (4; oJ x I) we obtain a homeomorphism

D(4; eI xI)— cD(A; J) rel D(4;J)
which takes N(D(4;J); D(A4; «JxI), {D(A; «D;x I)}) to a regular neighborhood
of D(A;J)in(cD(4; J),{cD(A; D,)}) where {D,} is the set of simplices in St° (4; J).
Uniqueness of regular neighborhood families and their complements, applied to
D(A; J) in the cone family, gives the required homeomorphism.

CLAM C. F$° ": ¢C(A4; aKxT) — D(A; BJ x I) is CH.

Proof. For y € C(4; F(eK x I))— C(4; F(aK x I).

d(y; D(4; BI xI), C(4; F(aK x I))) = d(y; D(4; BT x I, F(aK x I)))
=d(y;JxI, FKxI))—dim A—1
by Lemma II.19. Since
F$O ' (C(A; aKx I)—C(A; aK x 1)) = C(4; F(aK x I))— C(4; F(eK x I)),
it follows that for x € C(4; «K x I it suffices to prove that

d(F4° (te+(1 —1)x); I x I, F(K x I)
is constant for 0<z<1.
There is a unique D € St° (4; K) such that x € C(4; «D x I)— C(4; aD x I). By
Claim B, ¢° '(tc+(1—1)x) € C(4; D xI)—C(A; aD x I) for all 0<¢< 1.
C(4; aD x I)—C(4; «DxI) < Int Dx .
Hence,
d(F$°(te+(1 — 1)x); Ix I, F(K x 1))

is constant for 0 << 1, by the intrinsic skeleton assumption on F.
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Proof of the Assertion. Since (Jx I, F(K x I)) is locally collared, C(4; BJxI)is a
regular neighborhood of C(A; F(«K x 1)) mod C(A; F(«Kx 1)) in D(A;BJxI).
For by the proof of Theorem 2 C(A; BJx I, F(BK x I)) is homeomorphic to the
cone pair on C(4; BJx I, F(«K x I)) and is the complement of a regular neighbor-
hood pair in D(4; BJx I) and hence is locally collared on the outside. So we can
apply Theorem IIl.11c or the stellar neighborhood theorem to get this regular
neighborhood fact.

Theorem IV.4 now implies that there exists a homeomorphism

é: C(A; BIxI) — cC(4; BIxT)
rel C and such that
SF° " = (F$° ) = cF.

So let ¢,=¢ and ¢§=4¢°.
With Lemma 3 taken care of, the proof of the covering isotopy follows from a
sequence of arguments taken directly from Hudson-Zeeman.

LEMMA 4. Let (X, X,) be a polyhedral pair and c: X x [0, ¢] — X x I an embedding
with ¢=}(X x0)= X x 0 and c| X, % [0, £] level-preserving. Then there exists 0<8<e
and h: X x I — X x I a homeomorphism, with hc level-preserving on X x[0, 8] and
h ambient isotopic to the identity rel X x I'U c(X,x [0, ¢]).

Proof. Triangulate and subdivide so that ¢: «Kx [0, ] - BK'x I is simplicial
and K is a subcomplex of K, covering X,.

Let £> 8> 0 be chosen so that no vertex of «K x [0, ¢] or K x I has level 0 <t =<8,
and such that ¢(Kx [0, 8]) N Kx1=g.

Let naK x [0, €] be a derived with n4deInt A N Kx 8 if Int A N Kxd+# &. Let
108K x I be a derived such that c: naKx [0, ] = noBKx I is simplicial and let
78K % I agree with 78K x I except for

¢(N(K %x0; aKx [0, £])) — c(Ko % [0, £] U Kx0)
and on these simplices, let 7,(4) € Int A N K x 8. Note that if
A e cN(Kyx0; (Ko X [0, e]))— K% 0, 91(A) = no(4) e Kx 8

since ¢ is level preserving on K x [0, &].

Let h: noBK x I — n,BK x I be defined by h(n,4)=mn,4.

REMARK. Note that if X; < X and then 4 can be assumed a homeomorphism of
pairs (X x I, ¢(X; x [0, €])).

We now cover an isotopy locally:

LEMMA 5. Given X, Y compact polyhedra let F: XxI— YxI be an isotopy

satisfying:
1. (Yx0, Fo(X)x0)=(Yx I, F(Xx 1)) is locally collared.
2. For every x € X, d(F(x, t); Y x I, F(X x 1)) is constant for 0<t<1.
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Then, there exists ¢>0 and a homeomorphism h: Y x [0, ¢] — Y %[0, ] rel Y x0
and level-preserving such that: h(F, x [0, e])=F| X x [0, ].

Proof. Choose compatible collarings g, G, and G by Lemma 3. By compactness,
we can choose §>0 so that Y x [0, 8]<Go(Y x I).

Define hy: Yx [0, 8] = YxI by GG5'|Yx[0,8]. hy|YxO0=identity and by
compatibility, ho|Fo(X)x [0, 8]=F(F,x [0, 8])~%, and, in particular, is level-
preserving on Fy(X) x [0, 8].

By Lemma 4, there exists 0< 8’ <8and h,: YxI— ¥YxIrel Yx0 U F(Xx[O0, 8])
and h;hy=h is level-preserving on Y x [0, 8'].

Now h(Y x 8')= Yx 8 but might be proper, we note that A(Y %[0, 8']) is a
neighborhood of ¥Yx0 and hence, by compactness, there exists 0 <e<8’ with
Yx [0, e]=h(Y %[0, 8']). So h| Y x [0, ¢] being level-preserving, is a homeomorph-
ism.

DEFINITION 6 (FOLLOWING ROURKE [R]). We call an isotopy F: XxI— YxI
locally collared if for every subinterval J of I, (Y xJ, F(X xJ))<(Y xJ, F(X xJ))
is locally collared, or equivalently (Y xt, F(Xxt))<(Yx[t, 1], F(Xx[¢, 1])) is
locally collared for all 0=<¢<1 and (Yx ¢, F(Xxt))<(Yx [0, t], F(Xx [0, t])) is
locally collared for all 0<¢<1.

THEOREM 7. Let F: X x I — Y x I be an isotopy, with X compact. Then a necessary
and sufficient condition that F can be covered by an ambient isotopy of Y is that

1. F be locally collared, and,

2. for every x € X, d(F(x, t); Y x I, F(X xI)) is constant for 0<t<1.

Proof. Necessity is clear. To prove sufficiency, we lift the compactness argument
from Hudson-Zeeman, assuming Y is compact also.

Let 7 € I, then by Lemma 5, applied in both directions, there exists a subinterval
J; with ¢ € Int; J, and a homeomorphism

h(t): YxJ,— YxJ,

with A(t) level-preserving and h(2)(F; x J)=F| X x J,.

By compactness of I, there exists a sequence O=s,<s,<--- <s,=1 such that
for each i=1, ..., n, there exists ¢, and J,=J,, with [s,_,, s,]<Int; J, let [0, so]=J,.

Inductively, we define H(i): Y% [0, s;] = Y X [0, s;] rel ¥ x 0 and level-preserving
homeomorphisms, such that H(i)(F; x [0, 5;])=F| X x [0, ;). Let H(0)=h(0).

H(@) = H@—1) on Yx[0,s;_,]
= h(t)(h(t)s, - X [si-1, D THHE— 1), ¥ [si-1, 8])  on Yx[s;_, s,].

Let H=H(n): YxI— Yx[Irel YxO. This is the required ambient isotopy.

In the case that Y is not compact, we let ¥Y*=a regular neighborhood of
projy F(XxI) and let X*=X U boundary of the regular neighborhood. Let

F*=F on Xx 1[I and the identity on the boundary. If H* is the ambient isotopy of
Y*, let H extend H* by the identity on the rest of ¥x I.
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We outline a related theorem of Rourke [R]:
DErFINITION 8. If F: XxI— Yx1I is an isotopy and G: YxI— YxI is an
ambient isotopy, we shall say that G covers the track of F, if G(Fy(X))= F,(X).

THEOREM 9 [R). Let F: X x I — Y x I be an isotopy with X and Y compact. Then
a necessary and sufficient condition that the track of F can be covered by an ambient
isotopy is that F be locally collared.

Proof. Necessity is again clear and for sufficiency it suffices to cover the track
of F|Xx [0, ] for some ¢, as the result then follows by a compactness argument
identical with Theorem 7.

By local collaring, there is a homeomorphism

G (YxI, Fo(X)xI) > (YxI, (XxI))rel YxO0.
By Lemma 4 and the remark thereafter, there exists a homeomorphism
h: (YxI, FXx 1)) - (YxI, (XxI))rel Yx0

and a 1>8>0, with G*=hG level-preserving on Y x [0, 8], and so there exists
0<e<3 such that G¥(Yx [0, e])=Y % [0, e] and G*(Fo(X) X [0, e])=F(X x [0, £]).
Then G*| Y x [0, €] is the required local covering.

REMARK. As in Theorem 7, it is possible to get rid of the assumption that Y is
compact.

CoroLLARY 10. Let (X, X,) be a polyhedral pair with X, compact, and let
F: Xy xI— X, x I be an ambient isotopy of X,. Then F can be covered by an ambient
isotopy of X iff FU'(X, Xo)xI)=I'(X, X,)x I

Proof. Again necessity is clear. For sufficiency, note that F is obviously locally
collared (regarded as an isotopy in X), and in the presence of local collaring,
d(F(x,t); XxI, (Xox I))=d(F(x, 1); Xxt, F(X,x1))+1, which is in this case
d(F(x); X, Xo)+1 which is constant for 0=¢=<1 by hypothesis,

COROLLARY 11. Let X be a compact polyhedron, and F: I'(X)x I — I'(X)x I be
an ambient isotopy of I1'(X). Then F can be covered by an ambient isotopy of X iff
FI'(X)x =D (X)xI for all j<i.

Proof. Corollary 10 and Corollary I1.21 imply the result.

COROLLARY 12. Let X,, Y<X be polyhedra with X, compact, and F: Xy x I
— Xy x I an ambient isotopy of X, rel Xo N Y. If F can be covered by an ambient
isotopy of X, then there exists an ambient isotopy of X rel Y covering F.

Proof. Assume X compact. Define F: (X, U Y)xI— (X, U Y)xIto be F on
X, x I and the identity on Y x L.

d(F(x); X, XoU Y) =d(x; X, X,U Y) forallxeX,U Yand0 £ ¢ < 1.
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This is clear for x € Y and for x € X,— Y,
d(F(x); X, X, U Y) = d(F(x); X, Xo) = d(x; X, Xo) = d(x; X, Xo U Y).
So F can be covered by an ambient isotopy by Corollary 10.

Now we want to introduce local unknottedness conditions instead of the ambient
intrinsic dimension conditions.

DErINITION 13. Call a locally collared isotopy F: X x I — Y x I, with X compact,
locally unknotted if it satisfies the following equivalent conditions.

1. (Y, Fy(X)) is locally unknotted.

2. (Yx I, F(X x I)) is locally unknotted at all points F(x, t),0<z<1.

Proof of the equivalence. Since, by Rourke’s theorem, Theorem 9, the track of
F can be covered by an ambient isotopy of Y (or a regular neighborhood of
projy F(X x I) if Y is not compact), it follows that (¥, Fo( X))~ (Y, F(X)) for all ¢.

Now d(F(x, t); Yx I, (X xI))=d(F(x); Y, F(X))+1 by local collaring and
similarly d(F(x, t); F(X x I))=d(F(x); F(X))+1, for all 0<t<1.

Thus, (¥, Fo(X)) is locally unknotted iff (¥, Fy(X)) is locally unknotted for all
0<t<1iff (YxI, F(Xx1)) is locally unknotted at every point F(x, ¢t) with x e X
and O<r<1.

REMARK. Note that if X; < X, < X are polyhedra with (X, X,) locally unknotted
at every point of X,— X; and F: X, x I — X, x Iis an ambient isotopy of X, rel X,
then Fregarded as an isotopy X, x I — X x I satisfies the hypotheses of Theorem 7.
In particular, we have

COROLLARY 14. Let F: X xI— Y x I be a locally unknotted isotopy, then F can
be covered by an ambient isotopy of Y.

Proof. d(F(x, t); F(X x I)) is constant for 0 <¢< 1 and hence part 2 of Definition
13 and Theorem 7 imply the result.

COROLLARY 15. Let F: X x I — Y X I be an isotopy with X compact and (Y, Fy(X))
locally unknotted. Then if the track of F can be covered by an ambient isotopy of Y,
F itself can be covered by an ambient isotopy of Y.

Proof. Theorem 9 and Corollary 14.

Our notion of locally unknotted isotopy reduces to the usual one in the case of
manifolds. We leave to the reader the proof:

Let F: XxI— YxI be an isotopy with X, Y manifolds and X compact and
such that F~}(0Yx I)=0X x I. Then the following are equivalent:

1. Fis locally unknotted.

2. For every subinterval J of I, (Y xJ, F(X'xJ)) and ((0Y) xJ, F((6X) xJ)) are
locally unknotted.

3. For every subinterval J of I, (YxJ, F(XxJ)) and (YxJ, F(XxJ)) are
locally unknotted.

To obtain the codimension =3 isotopy theorem, we use Lickorish’s device of
converting concordance problems to cone problems by glueing cones on top.
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THEOREM 16. Let F: X x I — Y x I be an isotopy with X compact and (Y, Fy(X))

a codimension =3 pair. Then F can be covered by an ambient isotopy iff
FYIY(Y)xI) = Fs*I(Y))x L

Proof. Necessity is clear and for sufficiency, we prove that in such a situation,
(Yx0, F(Xx0))<(YxI, F(X xI))islocally collared and d(F(x, t); Yx I, F(X x I))
is constant for 0<z< 1.

By applying this result to F®, defined by F(x, t)=F(x, min (¢+s, 1)) and F~5,
defined by F~5(x, t)=F(x, max (s—t, 0)) gives local collaring. Note that by
hypotheses F~1(I'(Y) x I)=F5*(I'(Y)) x I'soin particular, F3 Y(I{(Y))=F; *(I(Y))
and hence, (Y, F,(X)) is a codimension 2 3 pair and F* and F~* satisfy the assump-
tions of the theorem.

As usual, identify X with Fo(X) and F with F(F,xI)~! and we will assume that
X< Yand Y compact. Triangulate (¥, X) and subdivide so that F: «KxI— BJx I
is simplicial with «K x I cylindrical. Let «Kx0=K and 8/x0=J. Let «Kx 1=K
and BJx 1=J,. Extend F to

F:aKxTVU cK, —BIxIV cJ;
by coning F|K,: K, — J;. We can construct homeomorphisms

bo: aKx TV cK; — cKrel K,
ds: BIXT U cJy — cJrel J,

and such that for 4 € K (resp. A €J)
d(AXTVU c(Ax1)) = cA (resp. dg(AxIU c(4x1)) = cA).

Just order the simplices of K (or J) in increasing order of dimension and construct
¢, (or ¢,) inductively.
Let G: cK— cJ=¢:Fd;*.
We wish to apply Theorem V.4 to G. We already know that (J, X) is a co-
dimension =3 pair.
¢z N(cI())) = I'(J)x TV cI'(Jy)
because I%(J) is a subcomplex of J. So
F1¢5%(cl'(J)) = FI'(J)xT) U cFT (IY(JY)
= F5 () x I Y cF{ (I'(Jy)).
Since FyY(I'(Jy))=Fy*(I'(J)), and Fy*(I'(J)) is a subcomplex of K, it follows
that
G cI())) = $.F ¢35 (cI'(J)) = cF5 (I'(J)).
Hence, Theorem V.4 applies to G.

We immediately obtain the local collaring result from Theorem V.4. And from
Corollary IV.6 we have that G is conewise homogenous.
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If x € K, then x € Int 4 for a unique A4 € K. If ¢x is the cone line segment in ¢k,
then Int ¢; 1cx<Int A xIU cA by hypothesis on ¢,, and ¢;'¢cx joins ¢ to x.
Since K'x I is a cylindrical triangulation, every simplex of Int @4 x I separates
Int AxIVU cA, with x in the closure of the “bottom” component and ¢ in the
closure of the “top” component. It follows that Int ¢, 1cX meets the interior of
every simplex of «a4 X I—0daA x I.

From this, and the fact that G is CH, we get that d(F(y); Jx I, F(KxI))=
d(F(); Ix TV cJ,, F(Kx IV cKy,)), for ye K x I— K x 1, is constant for yeInt 4 x I.
In particular,

d(F(x, t); Jx I, F(Kx 1))
is constant for 0<z¢< 1.

This proves the case where Y is compact. The extension to the noncompact case
is identical to the extension at the end of the proof of Theorem 7.

As a corollary, we have the following unpublished result of Hudson:

COROLLARY 17. Let F: X xI— Y x I be an isotopy with Y an n-manifold and X
compact such that

1. FF{@YxD)=F;¥@Y)x1,

2. n-dim X=3,

3. n-dim Fy{(0Y) = 4.

Then F can be covered by an ambient isotopy.

VII. Extending triangulations. For a polyhedral pair (X, X,) if kq: Ko = X,
is a triangulation of X,, then we will say that k: K — X extends (K,; k,) if the
induced map

ko
Ky—> Xo € X<«—K

is simplicial. In this section we will generalize Armstrong’s results [A2] about
extending triangulations from manifold pairs to polyhedral pairs.

LeMMA 1. For a compact polyhedral pair (X, X,) any triangulation (K,; k) has an
iterated derived subdivision which extends to a triangulation of X.

Proof. If (K; k) is any triangulation of X, then we can subdivide so that
oKy — X< X < BK is simplicial. There is a further subdivision yaK, which is an
iterated derived 1K, [Z; Lemma 4] or [H; Corollary 1.6]. We can extend y over
BK to obtain a subdivision 88K so that (88K; k) extends (nK,; ko).

THEOREM 2. Let (X, X,) be a compact polyhedral pair and let (Ko; ko) be a
triangulation of X,. (Ko; ko) extends to a triangulation of X iff kg 'I'(X, X,) is a
subcomplex of K, for all i.

Proof. Necessity is clear.
By Lemma 1, there exists some iterated derived subdivision of K, which will
extend. Since a derived subdivision is obtained by a number of stellar subdivisions,



466 ETHAN AKIN [September

to prove sufficiency we use induction on the number of stellar subdivisions and
reduce the proof to that of the theorem with the additional assumption that
(0K,; ko) extends to a triangulation of X, where K| is the subdivision obtained by
starring K, at A4.

Let k: K— X be a triangulation extending ko: oK, — X,. Let s: 0Ky, — K be
the simplicial embedding, k~'k,. We assume that soKj is full in K, by deriving
mod soK, if necessary.

Let u=s(cA) where oA is the vertex in Int 4 introduced by o, and let v be a
vertex of s4. Note that the hypothesis on the triangulation K, implies that
d(x; K, sK,) is constant for x in the interior of s4 so that u is a nice face of uv in
(K, soKy,).

By deriving mod soK, again if necessary, we can assume that v Lk (uv; K) is a
regular neighborhood of v Lk (uv; soK,) mod Lk (uv; seK,) in Lk (u; K). Under
this assumption, clearly, v Lk (uv; K, soK,) is a regular neighborhood of

v Lk (uv; soK,) mod Lk (uv; seK,)

in Lk (4; K, soK,). If C € Lk (uv; soK,) then uC is a nice face of uvC in (K, soK,)
(since both uC and uvC are images of simplices interior to a simplex of Kj). Hence,
by Corollary II.17, C is a nice face of vC in Lk (u; K, ssK,). Hence, the collapse
(v Lk (uv; saKo)| Lk (uv; soK,)) v conewise is homogenous in Lk (u, K, soKj).
It follows from Theorem III.6 that v Lk (uv; K, soK,) is a regular neighborhood of
vin Lk (4; K, soK,).

By Lemma II.14a, there exists a homeomorphism

¢: Lk (u; K, soKy) =~ (v+x) Lk (uv; K, soKj).

Since v Lk (uv; K, soK,) is a regular neighborhood of v in Lk (u; X, seK,), we
can assume that ¢ is the identity on v Lk (uv; K), using the method of proof of
Lemma II.14b.

If P is the pair Lk (u4; K, soK,)— St° (v; K), then

&(P) = x Lk (uv; K, soK,) rel Lk (uv; K, soKo).
By coning, this extends to a homeomorphism
St (u; K, soK,) ~ u(v+x) Lk (uv; K, soKj)

rel uv Lk (uv; K)=St (uv; K). Now homeomorph u(v+ x)~vx rel (v+x) and join,
to get a homeomorphism
é: St (u; K, s0K,) ~ vx Lk (uv; K, soK,)

rel v Lk (uv; K). Note that §(P)=¢(P)=x Lk (uv; K, soK,).
What ¢ really is, is best illustrated by looking at K.

St (4; Ky) = ALk (4; K,) = voBLk (4; K)
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and
oSt (4; Ko) = upd Lk (A4; Ko) = uo(voB+ B) Lk (4; K) = ue(ve+x)B Lk (4; Ko)
(where su,=u, svo=v). Thus,

Lk (u; soK,)—St° (v; soK,) = s(B Lk (4; K)).

At this point, we are motivated, having read Armstrong’s paper, to introduce
the complex
K; = (K-St° (u; K)) U v * (Lk (u; K)—St° (v; K)),

where the intersection of the two terms is
Lk (u; K) = (Lk (u; K)—St° (v; K)) U v * Lk (uv; K).

We will define a homeomorphism g: K — K; such that (K, ; kg~?!) is a triangula-
tion of X extending (Kj; ko).

Begin by letting g|K— St° (u; K)=identity. So we must define g over St (u; K).

First, on St (u; soK,)=s(veB Lk (4; K,)) define g to be the composite:

-1

s VxS
St (u; soK,) —> voB Lk (4; Ko) —> v(Lk (u; soK,)— St (v; s6Ky)).

Note that this extends the identity on Lk (u; soK)=(Lk (u; soK,)— St° (v; s0Ko))
U v* Lk (uv; seK,), on the latter term because s is simplicial and hence=v * s.

Let j: vx Lk (uv; soK,) — vx Lk (uv; saK,) be the embedding (v * $)g(#) ~*. This
is a homeomorphism rel v Lk (uv; soK,) U x Lk (uv; soKj).

Assuming for a moment that j is conewise homogenous, regarded as an em-
bedding into vx Lk (uv; K), then j can be covered by a homeomorphism

J:vx Lk (uv; K) — vx Lk (uv; K) rel (v+x) Lk (uv; K)

by Corollary IV.8 and the remarks at the end of §IV.

So letting g=(v * §)~J$ on St (u; K) extends the previous definitions of g and
(K; kg—*) extends (Kj; ko) because (kg =)~ 1k, =gs is simplicial on K.

Thus, it suffices to show that regarded as an embedding j: vx Lk (uv; soK,)
— vx Lk (uv; seK) is conewise homogenous (with respect to either cone structure).
It suffices to show that j ~%, regarded as an embedding is CH. j ~*=¢g (v * §) 1.
If we use the v-cone structure then since ¢ is a homeomorphism and (v * §)~*
=0v * (§1) is a cone map, it suffices to show that

g7t v(Lk (u; soKy)—St° (v; s0K,)) — St (u; K)
is CH and since (v *s)"'=v * s~ ! is a cone map, that
s: voB Lk (4; Ky) — St (u; K)

is CH. This is clear because every open cone-line of voB Lk (4; K,) lies in the
interior of a simplex of K, and by hypothesis d(x; K, sK,) is constant on Int sC
for C e K,
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Thus, j is CH and the theorem is proved.

COROLLARY 3. For a compact polyhedral pair (X, X,) the following are equivalent:
a. (X, X,) is locally unknotted.

b. Every ambient isotopy of X, extends to an ambient isotopy of X.

c. Every triangulation of X, extends to a triangulation of X.

Proof. a — b. Corollary VI.

a—c. I'(X, X,)=1I'(X,) which is a subcomplex of any triangulation of X,.

b — a. b gives immediately the fact that x~y in X, implies x~y in (X, Xj).
Apply Theorem I1.23.

c—a. If d(x; X,)=i then X, can be triangulated with x in the interior of an
i-simplex. By c the same is true of (X, X;) and hence d(x; X)=d(x; X, Xo).

Actually, the following more general corollary is true. We leave the verification
to the reader:

COROLLARY 3. Let Y < X, < X be compact polyhedra. The following are equivalent:

a. (X, X,) is locally unknotted at every point of Xo— Y.

b. Every ambient isotopy of X, rel Y, extends to an ambient isotopy of X.

c. If (Ko, L; h) is a triangulation of (X,, Y) then if (L; h|L) extends to a triangula-
tion of (X, X,), then (K,; h) extends to a triangulation of X.

Theorem 2 and Corollary 3 answer some questions raised at the end of [A2]
and have been stated in some form by Zeeman.

VIII. Homogenous homotopy and general position theorems.

DEerINITION 1. Call a homotopy F: X x I — Y homogenous if for every x € X,
d(F(x, t); Y) is constant for 0<¢<1.

Thus, a homogenous homotopy of a map is a homotopy which preserves intrinsic
dimension in the image. Equivalently, F: X x I — Y is homogenous if for each i,
FYI(Y)=F5'(I(Y))x L

We will consider in this section theorems about “improving” a map through
homogenous homotopy, i.e. minimizing self-intersection dimensions and making
maps nondegenerate.

THEOREM 2. Let f: X — Y be a p.l. map with X compact and F: XoxI1— Y a
homogenous homotopy of f|X,, where Xo<X. Then there exists a homogenous
homotopy G: X x I - Y with Go=f and G| X, x I=F.

Proof. Let i: X — B™ be an embedding of X into Int B* with n-dim X23,
then Fxi: XoxI— Yx B, x I defined by Fxi(x, t)=(F(x, t), i(x), t) is a homo-
genous isotopy with (¥ x B, F, x i(X,)) a codimension =3 pair.

Hence, by Theorem VL.16, it extends to an ambient isotopy H: YxB"xI
— Y x B"x I. Let G(x, t)=projy H(f(x), i(x), t).
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Note that the usual proof of the homotopy extension theorem, by finding a
retraction of X'x7to Xy,xIU XxO0 fails because the resulting homotopy fails to
be homogenous.

Our first application is to obtain a nondegeneracy theorem, using Theorem 2 to
go by induction up the intrinsic skeleta. The inductive step requires a sharpening
of the usual nondegeneracy theorem.

LeEMMA 3. Let (X, X,) and (M, Y) be compact polyhedral pairs and f: X — M
a p.l. map with f~Y(Y)<X,, (M, Y) a relative n-manifold, f|X, nondegenerate,
dim X'=Zn. Then there exists a homotopy F of f rel X, with F(X— Xo)x )= M—Y
and F; nondegenerate.

Proof. Triangulate to obtain: f: K — M, simplicial, with K a full subcomplex
of K, f|K, nondegenerate. L a full subcomplex of M with f~*L<K,, and (M, L) a
relative n-manifold.

Order the simplices of M — L in decreasing order of dimension A4, ..., 4,. Let
nK and nM be deriveds such that f is simplicial. Define D(4; f)=f"'D(4; M)
and D(4; /)=f"1D(4; M) following Cohen.

D(A; f) is a subcomplex of f~1nd * D(4; f), with f|D(4; f) the restriction of
the join of f~nd —nA with f: D(4; f) — D(4; M).

We proceed by a double induction.

Define F(0): Kx I— M to be f(projy).

Inductively, we define F(i): Kx I — M to satisfy:

1. F(i)o=F(i—1), and F(i))|(U;<: D(4;; f) U K,) x I is the restriction of

F(i—1)y(projg).

2. For all j, F()(D(4;5 f)— D(4;; ) x 1) < D(A;; M)~ D(d4;; M).

3. F(i),| D(A;; f) is nondegenerate.

4. For all j>i, F(i), is the map D(A4;; f) — D(A;; M) defined by the restriction
of the join of f~94; — nA; and F(i),| D(4;; f): D(4;; ) — D(A;; M).

Assuming F(1), ..., F(p) are defined then the composite homotopy F(1)+ - - -
+ F(p) is a homotopy of f (since (F(1)+ - - - + F(p))o= F(1)o=f) to a nondegenerate
map (namely F(p);, by 1 and 3) which is rel K, (by 1) and maps (K— K,) x I into
M—L (by 2).

Now assuming F(i—1) is constructed, define F(i) on (\U,;<; D(4;; f) U Ko) x I
U K'x 0 by condition 1. Note that F(i— 1), is nondegenerate on |, .; D(4;; f) U K,.

To define F(i) on D(A;; f) x I note that F(i—1); on D(A;; f) is the restriction of
the join of f~!n4;—nA; with the nondegenerate map F(i—1);: D(4;;f) —
D(A;; M). D(4;; M) is a ball of dimension n-dim 4, which is =dim D(A4;; f)
=U{D(B; K) : fB=A;}, since dim K<dim M, and dim B=dim 4, for all such
B. Hence, by standard general position on Euclidean space arguments, we can find
a homotopy F(i): D(A;; f)xI— D(A;; M) rel D(A4;; f), mapping (D(4;;f)—
D(A;; f))x I into D(A4;; M)— D(A4;; M) and such that F(i), is nondegenerate on
D(4;; f).
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To define F(i) on D(A4;; f)x I for j>i proceed by induction up the sequence
Ais1, .. ., Ap. Inductive assumption and condition 4 determine

F(i)xI: D(A;; f)x IO D(Ay; f)x 11— D(A4;; M)xI U D(4,; M)x L.

By following this by a homeomorphism to A, with dim A=n-dim 4;+1, and
subdividing to make the map simplicial, we can use linearity and the fact that
D(Ay; f) is a subcomplex of f~14; * D(4,; f) and F(i), and F(i); are “cone
maps” to extend this to a map taking the rest of D(4;; f)x I to Int D(4;; M) x L.
Projecting to D(4;; M) extends F(i) over D(A4;; f)x I to satisfy 2 and 4.

THEOREM 4. Let f: X — Y be a map, nondegenerate on X, < X, with Cl (X— X,)
compact and dim f~Y(I'(Y))<i, then f can be homogenously homotoped to a non-
degenerate map, rel X,.

Proof. By replacing X by (X)z, X, by (X,)z and Y by a regular neighborhood of
S((X)g), if necessary, we can assume X, X, and Y are compact. With this assump-
tion we proceed by induction up the intrinsic skeleta of Y. More precisely, let
my=min {i : X— X, <f~}I'(Y))}. Assuming the result for maps f, with m;<n,
we prove it for m;=n.

By inductive hypothesis, we can homogenously homotope f|f~I"~*(Y) to a
nondegenerate map, rel X,. By Theorem 2, this extends to a homogenous homotopy
rel X, of fto a map f nondegenerate on X, U f~1(I*~}(Y)). (X, X, U f~ "~ (Y))
and (I"(Y), I"~1(Y)) satisfy the hypotheses of Lemma 3, with > X — I"(Y), since
m,;=n and the homotopy of f to f was homogenous. Hence, by Lemma 3, we can
homotope rel X, U f~I"~Y(Y) with X— X, U f~ "~ (Y) keptin I"(Y)—I""}(Y)
and go from fto a nondegenerate map, g. The composite homotopy f~f~ g is the
required homotopy of f to a nondegenerate map.

We will say that two subspaces X and Y are in general position in a polyhedron
Q,if dim XN Y—-I'"(Q)<dim X+dim Y—i, for all i.

To prove that we can ambient isotope subspaces to general position, we need the
analogue of Lemma 3, for general position.

LEMMA 5. Let (M, Y) be a compact, relative n-manifold with Xy, X, Ry, ...,
R,<M and YN X< X,. Then there is an ambient isotopy of identity on M to
f: M — M rel X,UY such that dim f(X— X,) N R, =dim X— X,+dim R,—n.

Proof. Triangulate (X, X,) and order the simplices of X— X, in increasing
order of dimension A,, ..., A,. Proceed inductively with the ith inductive step an
ambient isotopy of M rel X, U YU 4; U---U 4;_; moving the image of 4; under
the i— Ist step mod its boundary to something in general position with respect to
the R;’s. This is done by restricting the motion to be supported by a regular
neighborhood of f;_,(4;) mod f;_1(4;). This will define f; and the composite
ambient isotopy to f, will be the required isotopy.
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THEOREM 6. Let X, Xo, Ry, ..., R,<Q with Cl X— X, compact. Then there
exists an ambient isotopy rel X, of identity on Q to f: Q — Q with f(X— X,) in
general position with respect to each of the R;’s.

Proof. By replacing X by (X)z, Q by a regular neighborhood V of (X); in Q,
X, by VU (X, N V) and R, by R, N V, if necessary, we can assume that Q is
compact. With this assumption we proceed by induction on

my =min{i : X— X, < I'(Q)}.

Assuming the result when my <n, we prove it for my=n.

By inductive hypothesis there is an ambient isotopy rel X, of Q to f;: 0 — Q
such that f(X N I"~1(Q)— X,) is in general position with respect to the R;’s.

By Lemma 5, we can ambient isotope I™(Q)rel (X, N I™(Q)) U I"~(Q) to
g: I"(Q) — I"(Q) so that gfi[X— ((Xo N I™(Q)) U I"~}(Q))] is in general position
with respect to the R, N I*(Q).

By Corollaries VI.11 and VI.12, this extends to an ambient isotopy of Q. So the
composite of the isotopy to f; and this extension give the required ambient isotopy.

Hudson’s proof of [H; Lemma 4.7] produces general position for maps, using
general position for subspaces. The homotopies he constructs are ambient isotopies
on their supports. In a polyhedron, consider a homotopy F: (X, U X;)xI— Y,
which is constant on X;x I and which on X, x [ is equal to G-(FyxI) where
G: YxI— Y is an ambient isotopy. Such a homotopy is clearly homogenous.
Thus, Hudson’s method of proof using Theorem 6, instead of [H; Lemma 4.6]
gives the following analogue of [H; Lemma 4.7]:

THEOREM 7. Let (K, K,) be a complex pair with K— K, finite and f: K — Q and
a map which embeds each simplex of K in the polyhedron Q, and R, ..., R,< Q.
Then there is a homogenous homotopy rel K, of f to f': K— Q such that:

1. ' embeds each simplex of K.

2. If A, ..., A, are distinct simplices of K, then

dim‘d f(Int 4)—1"-Y(Q) < idim Ai—(r—Dm,

dim (r) f'(nt 4) N R,—I""}(Q) £ Z dim 4, +dim R,—rm,
i=1 i=1
for all j and m.

In particular, if f: X — Q is a nondegenerate map with dim S,(f)—f~*I"~*(Q)
<rdim X—(r—1)m for all r and m, then we call f a general position map.

COROLLARY 8. Let f: X — Q be a map with f| X, a general position map X,< X
(compact), then f can be homogenously homotoped rel X, to a general position map.

Examining this outline of a theory of general position for polyhedra, we see two
major flaws.
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First, we do not have simplicial or p.l. approximation theorem, i.e. let f: X — Q
be a topological map of polyhedra such that for all m, f~I™(Q)is a subpolyhedron
of X. Can we homogenously homotope f to a p.l. map?

Secondly, our theory has no e-approximation theorems. Lemmas 3 and 5 can
probably be sharpened to get arbitrarily close approximations. Less obviously,
Theorem 2 can be strengthened to extend small homotopies to small homotopies.
Here the trick is to construct a retraction r: X x I — Xy x I U X'xO0 such that F-r
is a small homotopy and then use instead of G, G-r’, where r': X x I — X x Irel X,
xIU Xx0 is a close approximation to r and has the additional property that
Gr'(x, t)~G(x, t) in Y. This will introduce ¢’s into Theorem 4 and allow arbitrarily
close approximation by nondegenerate maps. To introduce &’s into Theorem 6 and
hence Theorem 7 one needs to have them in Theorem VI.11.

Stallings’ treatment of general position in [S; Chapter V] is rather different from
ours. His results on homotoping maps to general position are stronger than ours
(and also more useful) but he has no ambient isotopy theorems and our results are
the best possible there. To “localize’” Stallings’ argument and show its connection
with our own we introduce:

DEFINITION 8. Let x € X, then define Stallings’ dimension

dg(x; X) = max {n : Lk (x; X) is an (n—2)-connected ND(n— 1) space}.

From the properties of ND(n) spaces developed in [S; Chapter V], it is clear
that ds(x; X)=d(x; X). Furthermore, X is an ND(n) space iff for all x € X,

ds(x; X) = n.

Letting S'(X)={x : ds(x; X) =i}, we note that S'(X)<I'(X) (it is a subpoly-
hedron because x~y in X implies ds(x; X)=ds(y; X) and if ds(x; X)=n then
every point of St° (x; X) has as link an (n—2) connected ND(n—1) space and so
has Stallings dimension at least n).

We would conjecture that a map f: X — Q can be homotoped to a map such
that

dim S;(f)—f~*S"" Q) < rdim X—(r—1)m.

A proof along the lines of our proofs in this section would require the analogue
of Theorem 2, for homotopies homogenous with respect to ds, and relative versions
of Stallings’ theorems on the order of Lemma 3.
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